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SYNOPSIS 
A set of finite element computer programs has been written 
for the settlement analysis of structures founded on normally 
consolidated and lightly overconsolidated soft clays. The programs 
take into account nonlinear material stress-strain behaviour and 
creep. Analyses may assume 'undrained' and 'drained' conditions 
and fully coupled consolidation analyses are also possible. 
The 'modified' Cam clay model has been used with some 
modification to model nonlinear material stress-strain behaviour and 
a phenomenological creep relationship to model creep behaviour. The 
author's programs have been-tested against another, fully tested, 
finite element package and also against closed form solutions where 
they exist. Sensitivity of the results of creep analyses in response 
to possible variations in the determination of the values of the creep 
parameters has also been studied. 
Results of a combined creep and consolidation analysis of a 
flexible strip footing. indicate the relative importance of creep 
displacements with respect to the consolidation settlements which are 
difficult to separate in practice. 
A review is made of the main nonlinear models of soil behaviour 
available to the practising engineer. The main techniques within the 
finite element method that are used to implement such nonlinear soil 
models are also reviewed and the 'initial strain' method chosen for 
use in the computer programs developed. 
The author's programs have been used to calculate displacements 
and excess pore pressures resulting from the construction of a trial 
embankment built at Cubzac-les-Ponts in France and compared to the 
measured in-situ values. 
111 
In the conclusions an appraisal is made of the soil model 
developed by the author and the nonlinear finite element solution 
technique used. Also, the results of analyses using the computer 
programs and the accuracy of the results of the analyses of the trial 
embankment are summarised. 
The author's computer programs are explained and listed in the 
form of appendices. 
iv 
NOTATION 
Symbols that occur regularly are defined here. Locally used 
symbols are defined as they appear in the text. In a few cases the 
same symbols are used for different purposes, their meaning being 
obvious from their context. 
General Notation 
a superimposed dot refers to differentiation with respect 
to time 
a comma denotes spatial differentiation 
an asterisk denotes a convolution product 
d, 6, Li denote an increment of a quantity 
{} denotes a vector 
denotes a matrix 
a prime denotes an effective stress 
E denotes a summation 
Symbols 
a semi-width of strip foundation 
A strain rate attune t1, and D=0 (projected value) 
[B] strain-displacement matrix 
{BA} volumetric strain-displacement vector 
[B ] excess pore pressure gradient - excess pore pressure matrix 
c coefficient of consolidation (two-dimensional) 
c adjusted coefficient of consolidation (two-dimensional) 
cu undrained shear strength 
cv coefficient of consolidation (one-dimensional) 
D ratio of deviator stress to deviator stress at failure 
V 
Symbols (continued) 
E Young's modulus 
[E] global fluid compressibility matrix 
f loading intensity 
F yield function 
Fi components of the body force vector 
G shear modulus 
Gmax maximum value of shear modulus for a given elastic wall 
Gmin minimum value of shear modulus 
Ah distance between the nodes next to a draining boundary 
H length of shortest drainage path 
k permeability 
kx, ky permeabilities in the x- and y-directions 
K bulk modulus 
Ka apparent bulk modulus of compressibility 
Ke, Kep elastic and elasto-plastic bulk moduli 
Kf bulk modulus of fluid particles 
Kij components of the permeability tensor 
Kmax maximum value of bulk modulus for a given elastic wall 
Ko coefficient of earth pressure at rest 
Ks bulk modulus of soil particles 
[K1] global stiffness matrix 
[K2] 
global flow rate matrix 
L parameter defining the projection of the critical state 
line on to the p'-axis in the author's model 
m slope of the logarithm of strain rate versus logarithm of 
time plot in Chapters 2,4 and 6; 
denotes an element or element number in Chapters 3 and 5 
ins, coefficient of compressibility (one-dimensional) 
vi 
Symbols (continued) 
M slope of the projection of the critical state line in q', p' 
space in Chapters 4 and 6; 
total number of elements in Chapter 5 
{M1} global vector of loads equivalent to initial stresses 
{M2i) global body force vector 
{M3} global vector of fluid flow resulting from gravity forces 
n node number in Chapter 3; { 
porosity in Chapter 5 
N specific volume on normal consolidation line for unit mean 
normal effective stress 
Nn displacement shape function value for node n 
N1, N2 interpolation functions in the time domain 
{N}, {Nu} 
, vectors of nodal shape 
functions for displacements 
{N } vector of nodal shape functions for excess pore pressures 
OCR overconsolidation ratio 
p mean normal stress 
pc preconsolidation pressure 
Pe equivalent pressure 
Pf mean normal stress. at the point of critical states 
q invariant shear stress 
of invariant-shear stress at the point of critical states 
q7 i components of the 
fluid fl ux vector 
{q11} vector of fluid flux 
Q plastic potential 
Q prescribed normal-flow on that part of the surface S2 
{Q) global vector of specified boundary flow 
{Qo} vector of residual loads 
[R] 2x2 permeability matrix 
Vii 
Symbols (continued) 
S compressibility of the fluid particles 
t time 
At time step size' 
ttmin minimum allowable time step size 
tn_i, tn time at the ends of a time step 
tl unit time 
T dimensionless time factor (two-dimensional consolidation) 
Ti prescribed tractions on that part of the surface S1 
Tv dimensionless time factor (one-dimensional consolidation) 
{T'. } global vector of revised boundary tractions in incremental 
consolidation analyses 
{Ti} global vector of specified boundary tractions 
ui displacements in each of the co-ordinate directions (i=1,2) 
{ui) vector of nodal displacements 
U average degree of consolidation 
v specific volume 
vc specific. volume on the normal. consolidation line 
corresponding to p' c 
of specific volume on the critical state line corresponding 
to pf 
vi initial value of specific volume 
Vtheo theoretical value of specific volume 
V volume 
w weighting factor of equations to avoid ill-conditioning 
problems 
xi x- and y- co-ordinates of a point (i=1,2) 
{xi} vector of nodal co-ordinates 
{0} null vector 
viii 
Symbols (continued) 
a value of the slope of the linear portion of a plot of 
logarithm of strain rate versus deviator stress in Chapters 2 
and 4; 
interpolation factor in time stepping schemes in Chapters 
5 and 6 
a aqf 
Yw unit weight of water 
yx, shear strain 
F specific volume on the critical state line for unit mean 
normal effective stress 
6 surface centreline displacement 
Sid Kronecker delta 1% 1 
e, ee, cP, ec direct strain, its elastic, plastic and creep components 
£v volumetric strain 
Eid creep strain rate tensor 
CPS plastic strain tensor 
{c0} vector of initial strains 
k swelling index 
A compression index 
dA plastic multiplier 
v Poisson's ratio 
local curvilinear co-ordinates 
excess pore pressure 
{7T} vector of nodal excess pore pressures 
p mass density of the soil-fluid. mixture 
p2 mass density of the pore fluid 
ad), QS plane strain stress invariants 
Qx)oy2Uz direct stresses 
ix 
Symbols (continued) 
ß1, ß2, a3 principal stresses 
Qij stress tensor 
{o } vector of initial stresses 
T adjusted time factor (two=dimensional consolidation) 
Txy shear stress 
angle of internal friction 
T angle of dilatancy 
92t functional of Sandhu and Wilson (1969) 
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CHAPTER ONE 
INTRODUCTION 
In the design of structures it is important to estimate the 
total and differential settlements arising from the applied and self 
weight loadings. Depending on the structure, excessive differential 
settlements between two points pose the major problem because in a 
building, for example, these may cause cracking or interfere with the 
correct functioning of services. Also of importance in design is an 
assessment of how the settlements develop with time and an estimate of 
when settlement will virtually cease. Predictions of such settlement 
behaviour are difficult because soil is a nonlinear material which is 
prone to creep, to varying degrees, and which undergoes three-dimensional 
consolidation as excess pore pressures dissipate. 
The objective of the work described in this thesis was to obtain 
a set of computer programs that would predict the settlement behaviour 
of structures founded on normally consolidated and lightly overconsolidated 
soft clays incorporating nonlinear material behaviour, creep and 
consolidation under conditions of plane strain. The author has used the 
'modified' Cam clay model (Burland, 1967). (withthe modification that a 
parameter, L, is introduced to define the location of the centre of the 
yield surface ellipse) to model time-independent behaviour and the 
phenomenological model of Singh and Mitchell (1968) to model time- 
dependent deviatoric creep behaviour. The author's treatment of 
consolidation analysis by finite elements follows the formulation of 
Sandhu and Wilson (1969). 
Chang, Nair and Singh (1974) and Kavazanjian and Mitchell (1980) 
have used the Singh and Mitchell (1968) creep relationship in finite 
element and finite difference formulations, respectively, but have not 
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included in their programs the capability of a coupled consolidation 
analysis. The majority of finite element packages that have geotechnical 
applications ignore the phenomenon of creep. 
The current methods of settlement prediction employed by civil 
and geotechnical engineers are generally based on the theory of linear 
elasticity. Terzaghi's (1943) method of settlement prediction is 
relatively accurate and has the distinct merit of being comprehensible. 
The supporting layer is subdivided into a number of layers and 
calculations are performed by hand for each layer, encouraging the engineer 
to appreciate the contribution of individual soil layers to the 
settlement profile. Although this method is often used it can become 
tedious to perform if a large structure imposes uneven loads on the 
soil. It is in this type of problem that continuum methods such as the 
finite element method prove to be valuable especially as they provide 
a clear map of predicted movements. 
The treatment of creep settlement is very empirical and largely 
ignored. Estimates of creep settlement are normally made on the basis 
of experience gained from structures built on neighbouring sites. 
Numerical methods allow a more systematic approach to be made. Validation 
of such models is difficult but creep analyses can be instructive in 
showing likely trends in creep settlement behaviour. 
With the advent of cheaper and more powerful computing facilities 
more complex soil models can be accommodated into the analysis of 
geotechnical problems. In hand with this soil models of increasing 
complexity have been developed over the years. Such models may suffer 
from the drawback that they require many material parameters to be 
determined from conventional soil tests that were originally designed 
to measure strength parameters and not deformation characteristics. 
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A compromise between complexity and the number of necessary material 
parameters must, therefore, be sought by the engineer. 
The use of nonlinear soil models within the framework of the 
finite element method requires special solution techniques to solve 
for displacements and secondary quantities such as stresses. A number 
of these methods are reviewed and the 'initial strain' method was selected 
for use in the computer programs written by the author. 
Consolidation analysis fills the gap bounded by 'undrained` and 
'drained' solutions allowing the prediction of settlements with time to 
be made. Coupling between the magnitude and progress of settlement is 
possible (known as coupled consolidation) within the finite element 
method and nonlinear material behaviour and creep may also be incorporated. 
Such analyses allow a more complete statement to be made about settlement 
behaviour and the price to be paid for this is increased computer run 
times and storage requirements. Details of two-dimensional consolidation 
analysis by the finite element method are given in the text along with 
comparisons of linear analyses with closed form solutions (Terzaghi, . 
1943, McNamee and Gibson, 1960b, Schiffman et al., 1969). Some special 
programming techniques are outlined and the interaction of nonlinear 
material behaviour and creep with the progress of consolidation are 
highlighted. 
The use of complex soil models (such as Cam clay) has not been 
fully accepted yet because there is a lack of feedback in their use. 
Examples of the use of a Cam clay model where. a commitment was undertaken 
to perform site investigation, monitoring of performance, computations 
and publications are Wroth (1977), Dang and Magnan' (1977), Belkeziz and 
Magnan (1982) and Almeida and Ramalho-Ortigäo (1982). Results are 
presented herein of an analysis carried out using the author's programs 
to study the performance of an instrumented trial embankment built on 
soft clays at Cubzac-les-Ponts in France. 
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2.1 INTRODUCTION 
Most structural materials show a great complexity of properties 
and behaviour. Departure from linearity is the rule rather than the 
exception and this is particularly true for soil. The key to a 
successful solution of problems in geomechanics lies in the choice of 
an appropriate numerical model and its associated parameters. In some 
instances a linear elastic analysis will suffice, but in many 
instances nonlinear analyses are necessary. The determination of 
model parameters often involves many problems in practice. For example, 
the decision has to be made as to which tests are necessary and whether 
they can be carried out in a good commercial laboratory or whether they 
require the services of a scientific institute. A soil model is only 
likely to be used if it is based mainly on conventional soil mechanics 
tests, i. e. essentially the oedometer and the standard cylindrical 
triaxial tests. 
This chapter describes some of the many different nonlinear 
soil models available and mentions advantages and disadvantages of 
each. The types of models fall into two main categories: (i) those 
models that define the stress-strain behaviour whilst ignoring time 
effects and (ii) those models that include time effects. The variety 
of models reported is by no means exhaustive but serves to show some 
of the models in current popular use. 
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2.2 STRESS-STRAIN BEHAVIOUR 
Observations made in laboratories and in situ over the years 
have shown that the stress history of a soil greatly influences 
subsequent behaviour under loading. Knowledge of a soil's stress 
history will, therefore, give an indication of the kind of behaviour 
one is likely to expect in the future. A soil model that could 
accurately predict behaviour over a wide range of stress paths whilst 
taking into account such factors as material anisotropy, non-coincidence 
of principal stress and strain axes, rate of loading, etc., is likely 
to require an unwieldy number of parameters to define it. For this 
reason the author believes it is important to single out the main 
features of material behaviour so that the soil models can be made 
simpler and require fewer parameters. 
Some of the more important features of soil behaviour that soil 
models should ideally account for are set out below. 
(i) The bulk modulus, K, increases with confining stress and 
compressive strain. 
(ii) The shear modulus, G, also increases with tighter packing of 
the soil particles but reduces with distortion. 
(iii) A failure criterion should be satisfied. This implies that 
the tangential shear modulus tends to zero when yielding 
occurs. 
(iv) On unloading there is an abrupt increase in stiffness. 
(v) Overconsolidated clays exhibit an abrupt reduction in 
stiffness'when the preconsolidation pressure is reached. 
(vi) Clays subjected to certain stress paths exhibit dilatancy. 
(Naylor and Pande, 1981) 
The author has only considered soil models that assume material 
isotropy. This was to keep the number of parameters necessary to 
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define the model that was eventually chosen for this study to a 
minimum. A two-dimensional linear elastic analysis assuming material 
A 
anisotropy requires 36 parameters to be specified. Such an anysis 
assuming horizontal isotropy requires five parameters, whereas assuming 
full isotropy reduces this to two. 
2.2.1 Bilinear and Multilinear Models 
These models are the most fundamental types of variable elastic 
models. Usually, one material parameter is allowed to vary depending 
on the stress state whilst the other remains constant. 
The bilinear stress-strain relation is the simplest type of 
nonlinear relation and is illustrated in Figure 2.1. The model assumes 
an initial value of stiffness until the stresses reach a yield state 
(e. g. as _given 
by a Mohr-Coulomb criterion) after which the stiffness 
is changed. If Young's modulus, E, and Poisson's ratio, v, are chosen 
as the material parameters the latter 'remains constant. This has the 
computational advantage that the value of Young's modulus can be 
factored out of the stiffness and individual finite element stiffnesses 
need only be evaluated once and modified for post-yield behaviour by 
multiplication by a factor. A disadvantage, however, is that the bulk 
modulus decreases in the same proportion as the shear modulus so the 
element of soil becomes highly compressible just as it becomes highly 
deformable after yield. ', If the bulk and shear moduli (K and G, 
respectively) are used in the bilinear model the bulk modulus is kept 
constant. This allows the shear modulus to reduce to a small value 
when a yield stress state is reached, hence satisfying requirement (iii) 
of Section 2.2. 
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Figure 2.1 Bilinear model for nonlinear material 
v3 
E 
Figure 2.2 Multilinear model for nonlinear material. 
a- 
a 
ý. 
E 
Figure 2.3 Hyperbolic model with'strength cut off 
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A drawback with the bilineäx model is that a choice must be 
made as to the value of the pre- and post-yield stiffnesses. The 
choice is arbitrary but the post-yield value must not be too small as 
numerical difficulties are likely to arise. If the pre-yield values 
are chosen with care it is possible to model unloading behaviour. 
The essence of the bilinear model can be. extended to form the 
multilinear or piecewise linear models (Figure 2.2). Tabulated values 
of stress and strain can be used to define the tangent. stiffness by 
interpolation or, more commonly, mathematical functions such as 
polynomials, hyperbolas, parabolas or splines. 
The bilinear and multilinear models are an improvement over 
linear elastic models but are generally too simple, hence restricting 
their use. It is also possible for a stress state to be calculated 
which violates the yield criterion. - 
2.2.2 Differential Models 
Another branch of variable elastic models are the differential 
models which define tangential moduli. They differ from the models 
in the previous section in that the moduli are continuous functions 
of. stress (and strain) level which vary independently of each other and 
so Poisson's ratio is not a constant. 
A differential model was outlined by Naylor (1978) and was as 
follows: 
K= Kr + aKpI (2.1) 
G= G1 + aGPI + ßG4 (2.2) 
where K1, G1, aK, aG, ßG are constants; 
pt = 
3(ßl' 
+ a2' + Q31); 
Q2 = ß1(ß1 - 62) + 02(02 - 03) + ß3(e3 - 01); 
and al, 02,03 are principal stresses and a prime 
denotes an effective stress. 
q is related to the second deviatoric stress invariant, J2, by 
q= Values have to be assigned to five parameters which may be 
9 
evaluated with the aid of triaxial testing. Another possibility, 
proposed by Nelson and Baron (1971) assumes the bulk modulus to be 
a quadratic function of the volumetric strain. Their model is stated 
as: 
K= KO + Klcv + K2eV2 (2.3) 
G= Go + ylp' + yl /J2 (2.4) 
where Ko, K13K2, Go, y,, yl are constants 
and Ev is the volumetric strain. 
A good fit to test data is no guarantee of good settlement 
predictions because the data may not be representative of the in situ 
soil. The in situ conditions must be considered carefully. Differential 
models cannot take into account the kind of behaviour listed as (iv), 
(v) and (vi) in Section 2.2 and so may be used with some confidence 
when the in situ conditions and loading imply that these features will 
be of minor importance. 
2.2.3 Hyperbolic Models 
This type of variable elastic model is initially attributed to 
Kondner (1963) and has been developed by Duncan and Chang (1970). 
Kondner found that the plot of stress versus strain in an undrained 
triaxial compression test is very nearly a hyperbola (Figure 2.3) and 
thus needs only two constants to, define it: 
(a1 - og) = Cl (2.5) 
a+ bEl 
It subsequently grew in complication as a result of it being applied 
to realistic boundary value problems and the two basic parameters 
ceased to be constants and were defined by equations which required 
the definition of up to nine constants (Seed et al., 1975). As the 
hyperbola approaches a limiting value of stress asymptotically, this 
value is made to lie above a maximum value and a strength-cut off 
introduced (Figure 2.3). 
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The main limitation of the hyperbolic models is that they are 
based directly on experimental observation with very little physical 
justification for the form of the relationships or the magnitude of 
the parameters. Field predictions may be good so long as the stresses 
and strains are similar to those under which the experimental 
observations were made. When different conditions exist, one cannot 
predict how well the models simulate reality. Despite these limitations, 
hyperbolic models have been used on many instrumented prototypes 
(e. g. Kulhawy and Duncan, 1972) and consequently good predictions of 
soil behaviour can be made in the light of this feedback and experience 
in its use. Without this experience, the model may be difficult to 
use because of the necessity to determine up to nine parameters. 
2.2.4 Elasto-Plastic Models. 
Plastic behaviour is characterised by an irreversible straining 
which is not time dependent and which can only be sustained once a 
certain level of stress has been reached. Before the onset of plastic 
deformation the material is generally assumed to be linear elastic 
although this need not be so. One-dimensional problems (e. g. a metal 
bar in tension) may have a clearly defined yield stress. The situation 
in two or more dimensions is much more complex. 
a yield function indicating the stress level At 
commences is postulated. ' This yield function i 
stress (and strain) invariants so as to make it 
orientation of the coordinate system chosen and 
than or equal to zero, i. e. 
In plasticity theory 
which plastic flow 
s stated in terms of 
independent of the 
must have a value less 
F(c4 , 
h) <0 (2.6) 
where oil are the stress components 
and h is a hardening parameter. 
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The yield function can be represented as a surface in three dimensional 
stress space (Figure 2.4). Equation (2.6) implies that the stress point 
must be inside or on the yield surface. Once on the yield surface the 
stress point is constrained to move along it for any further increase 
in load. As the stress point traverses the yield surface yielding 
commences and the deformation comprises both elastic and plastic parts. 
A relationship exists between stress and plastic strain increments 
which is embodied in the 'plastic potential' and the 'flow rule'. 
The flow rule dictates the relative proportions of the components of 
the plastic strain increment and it is assumed that the plastic strain 
increment is proportional to the stress gradient of the plastic 
potential, Q, such that: 
dcPj = dA aQ (2.7) 
DOIJ 
where dA is a proportionality constant or 'plastic multiplier'. 
If the yield surface and plastic potential are identical, i. e. F=Q, 
the flow rule is said to be 'associative' and the 'normality condition' 
is said to apply, otherwise it is 'non-associated'. The normality 
condition is so called because the components of the plastic strain 
increment combine vectorially to give a vector which is normal to the 
yield surface (Figure 2.5). 
During yielding the yield surface may expand and the soil strain 
harden. This strain hardening behaviour is usually dependent on the 
amount of plastic strain experienced and its influence is represented 
in Equation (2.6) by the parameter h. If the yield surface expands 
about the stress origin, the hardening is said to; be 'isotropic'; if 
the surface translates, hardening is said to be 'kinematic'. 
The flexibility of the elasto-plastic concept enables many 
different soil models to be put forward which are capable of predicting 
a wide variety of soil behaviour. For this reason the author has used 
an elastoplastic model in this work. Moreover, the 'critical state' 
12 
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model (Schofield and Wroth, 1968) was used with some modifications 
and will be described in Chapter 4 where elasto-plastic analysis is 
dealt with in more detail. 
2.3 TIME-DEPENDENT CREEP BEHAVIOUR 
Time effects can play an-important role in the stress distributions 
and deformations of foundations and embankments. An example of 
pronounced time-dependent creep behaviour is the deformations of the 
order 10 - 20 feet which occurred in the Atchafalaya levee on the 
Mississippi River in Louisiana over a period of 10 - 15 years 
(Kaufman and Weaver, 1967). Comparisons of the field data with 
nonlinear elastic and elastic-plastic finite element analyses indicated 
that creep effects should be included in the analysis. Another 
example is the test embankment constructed near Ottowa in which more 
than half of the settlements were attributed to creep behaviour 
(Lo, Bozozuk and Law, 1974). 
Much information exists on time dependent behaviour, but only 
for certain special cases, e. g. one-dimensional compression, plane 
strain, drained/undrained triaxial creep. Researchers studying creep 
behaviour of cohesive soils have tended to adopt one of two methods 
of analysis. Either a model of soil behaviour-has been developed 
followed by the analysis of empirical data to check the applicability 
of the model (rheological models), or experimental data has been 
analysed on a phenomenological basis to give predictive equations 
connecting the various measured parameters (phenomenological models). 
Before giving examples of the methods of analysis of time- 
dependent behaviour it is worthwhile looking at the general form of 
the relationship between stress, strain and time that holds for most 
clay soils. Under a constant deviator stress the creep behaviour of 
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soils may generally be described as shown in Figure 2.6. The figure 
shows three possible cases where: 
i) if the stress level is low (compared to the soil's shear 
strength) creep may cease altogether; 
ii) if the stress is high enough creep may continue indefinitely; and 
iii) if the stress is higher still eventual creep rupture may 
occur. 
Creep tests on many soils such as London Clay (Bishop, 1966), Osaka 
Alluvial Clay (Muruyama and Shibata, 1958) and remolded illite 
(Campanella, 1965) show a linear relationship between logarithm of 
creep strain and logarithm of time (Figure 2.7(a)) and also between 
logarithm of creep strain rate and applied deviator stress (Figure 
2.7(b)). 
2.3.1 Rheological Models 
A number of different rheological models have been proposed to 
provide mathematical descriptions of the stress-strain-time behaviour 
of soils. In these models linear springs, linear and nonlinear 
dashpots and sliders are combined in such a way that they provide a 
reasonable approximation of behaviour for certain soils and loading 
conditions. The dashpot characteristics are generally developed using 
the assumption that the viscous flow is in accordance with the theory 
of rate processes (Glasstone, Laidler and Eyring, 1941). Evidence 
that this is a reasonable physical basis for creep flow in soils has 
been shown by Mitchell, Campanella and Singh (1968). 
A simple elasto-visco-plastic model is shown in Figure 2.8(a). 
The particular arrangement of spring, dashpot and slider is not 
sophisticated enough to model the kind of behaviour outlined in 
Figures 2.6 and 2.7. However, this kind of model has applications in 
the prediction of time-independent behaviour by using time as a 
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Figure 2.8 Rheological models of soil creep behaviour 
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fictitious artifice. The spring represents elastic behaviour and 
the slider denotes yielding and permanent strains which cannot take 
place instantaneously due to the viscous dashpot which needs time to 
strain. In contrast to the theory of elasto-plasticity stresses 
outside the yield surface are admissible. It is these stress states 
that give rise to a visco-plastic strain rate according to a 'flow' 
equation. A time marching scheme is set up and successive visco- 
plastic strains are calculated from the time step size and the visco- 
plastic strain rates, and the stress state is successively reduced 
until it lies on the yield surface using an equivalent load method 
of solution (see Chapter 3). Once the stress state is on the yield 
surface no further visco-plastic straining takes place and'steady 
state conditions are said to exist. It can be shown that provided 
sufficiently small load increments are used in the analysis and steady 
state conditions are achieved, the result from an elasto-visco-plastic 
analysis is the same as for an elasto-plastic analysis (Zienkiewicz 
and Cormeau, 1974). 
Points in favour of this type of model are that plastic strain to fes 
are a function of stress (which is a simpler function than the inverse 
relationship) and that the same framework can analyse both elasto- 
plastic and viscous (creep) behaviour. However, the method is not 
unconditionally stable as an upper bound exists for the size of the 
time steps used. 
Visco-plasticity with strain-rate dependent viscosity has 
crystallized as endochronic theory (Valanis, 1971,1975) and has been 
used with some success for modelling the experimentally observed 
inelastic properties of certain materials. The term inelastic is used 
in endochronic theory to cover such phenomena as plastic yield, 
microcracking and grain rearrangements with separations. The basic 
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concept in endochronic formulations is the characterization of inelastic 
strains in terms of one or several non-decreasing scalar variables 
whose increments depend on strain increments. This variable is known 
as 'intrinsic time'. As with visco-plasticity, the endochronic model 
may be used to predict time independent behaviour. In this case the 
intrinsic time may be geometrically interpreted as the length of the 
path traced by the states of material in strain space of suitable 
metric. Following Valanis (1971), the increment of intrinsic time, z, 
is expressed as: 
dz = (dý/a)2 + (dt/0)2 (2.8) 
where a, ß are material parameters; 
dt is the increment of real time; and 
t is called the 'rearrangement measure' 
Exponents of the model claim that the elasto-plastic and visco-plastic 
models are special cases of the endochronic models. However,. many 
people find the concept of the endochronic model difficult to grasp, 
preferring to use simpler theories. Also, endochronic theories are 
still 'young' and more time will be needed before they become fully 
accepted by the users of soil models. 
Figure 2.8(b) shows the rheological analogue of the Muruyama 
and Shibata model (1958). The springs are assumed to be linear and 
the dashpot characteristics obtained using rate process theory. A 
mathematical approximation used in the development of the model leads 
to the prediction of a linear relationship between creep strain and 
logarithm of time, which is not generally valid. An exact solution of 
the model cannot account for the observed linearity between logarithm 
of strain rate and logarithm of time. The strain rate of. the dashpot 
is assumed to depend on the hyperbolic sine of the stress on the 
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dashpot in accordance with rate process theory. An approximate 
solution can be obtained whereby the hyperbolic function is replaced 
by an exponential function. In this case a linear relationship between 
logarithm of strain rate and logarithm of time results but allows only 
for a slope of 1.0. 
A similar rheological model proposed by Christensen and Wu (1964) 
is shown in Figure 2.8(c). This essentially suffers the same drawbacks 
as the Muruyama and Shibata model. Both models do not predict the 
exponential dependence of creep strain rate on stress. As a consequence, 
different values of parameters are obtained for different stress 
intensities. If this variation of parameters with stress level is not 
known great difficulty will arise when trying to predict behaviour 
under different stress intensities. 
1 
2.3.2 Phenomenological Models 
This type of model is obtained by analysing experimental data 
(e. g. as given by Figures 2.6 and 2.7) to obtain a predictive equation 
connecting the various measured parameters (e. g. slopes and intercepts). 
These predictive equations can be more useful if they are generalised 
by normalising certain quantities (e. g. stress with respect to soil 
strength). In this way the phenomenological relationships will be much 
easier to use by others wishing to predict soil behaviour or test the 
model. Moreover, the parameters used must be easily determined and 
preferably obtained from standard soil tests, the model must be applicable 
to. a reasonable range of creep stresses, and the model must describe 
the behaviour of a range of soil types. 
Upon analysing experimental data on a number of clays Singh and 
Mitchell derived an equation which is held to be valid irrespective of 
whether clays are undisturbed, remoulded, normally consolidated or 
overconsolidated, or tested drained or undrained. The equation expresses 
the strain rate, ec, as a function of time, t, and sustained deviator 
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stress, D, 
6c =A eaD (tl)m (2.9) 
where A= strain rate at time t3, and D=0 (projected value); 
a= value of slope of the linear portion of a 
plot of logarithm of strain rate versus 
deviator stress; 
tl = unit time; and 
m= slope of the logarithm of strain rate 
versus logarithm of time. 
Walker (1969) considers the model to be an over-simplification of 
the macroscopic response of clay structure to an applied stress system 
and that the values of the parameters in Equation (2.9) depend on the 
testing conditions. but does, however, accept. that due to the variety 
of factors that influence creep an empirical approach may be justified. 
The model needs few parameters to define it and these may be obtained 
by carrying out a minimum of two creep tests (at different stress 
intensities) on identical cylindrical triaxial samples. The author 
has used this model mainly because (i) it is simple; (ii) its parameters 
are easily defined; and (iii) it fits in with the basic formulation of 
the model used to define the time independent behaviour. More detail 
on Singh and Mitchell's model is given in Chapter 4. 
i 
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CHAPTER THREE 
ANALYSIS BY THE FINITE ELEMENT 'IETHQD 
3.1 INTRODUCTION 
The theoretical underpinnings and computer programming 
requirements of the finite element method can be obtained from many 
texts (e. g. Zienkiewicz, 1977, Desai and Abel, 1972, Rockey et al., 1979) 
and so will not be dealt with in detail here, although detail will be 
given where necessary to bring out any points the author feels are 
relevant to the discussion. Attention is restricted to the displacement 
type of finite element method and the use of isoparametric elements. 
Nonlinear methods of analysis are outlined to show how the soil models 
of Chapter 2 may be implemented within the framework of the finite 
element method. 
3.2 BRIEF DESCRIPTION OF THE FINITE ELEMENT METHOD 
The finite element method of analysis discretizes a continuum 
into a number of elements and within each element simple functions are 
chosen to approximate the variation of the field variables (e. g. 
displacements and pore pressures) in terms of the nodal values. A 
variational principle of solid mechanics is employed to obtain a set 
of equations for each element which relate, for example, the displace- 
ments and applied forces at each node. The global set of equations 
is assembled from the element contributions and modified to take into 
account the given boundary conditions. The solution of these equations 
produces the unknown variables and additional calculations yield the 
desired derivatives, such as strain and stress within the elements. 
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3.2.1 Isoparametric Elements 
Isoparametric elements (e. g. Ergatoudis, Irons and Zienkiewicz, 
1968) are efficient. -in terms of the total number of*degrees of-freedom 
needed to solve boundary value problems and are widely used. The term 
'isoparametric' is used because the same functions (shape functions) 
which define the variation of displacements also define the element 
geometry. Two common types of elements in this family are the six-noded 
triangle and the eight-noded quadrilateral. The author chose to use 
the latter because it has four privileged points within it called the 
2x 2 Gauss points where stresses and strains are most accurate (Barlow, 
1976) and where nonlinear material behaviour was monitored. These 
points are shown in Figure 3.1 which also shows the local node numbering 
of the element and its mapping from a global to a local coordinate 
system. 
If xi represents the x- and y- coordinates of a point as the 
subscript i takes the values 1 and 2, respectively, and ui similarly 
represents the displacements in each of the coordinate directions, the 
coordinates and displacements at any point within the eight-noded 
quadrilateral can be obtained as follows: 
xi = {mN}T {mxi} and ui = {mN}T {1IIUi} (3.1) 
where {mxi) _ {xi ... xin ... xi 8 
}T 
1 
{mui) {ui 
... uin ý ... u"8 
}T; 
{mN}T = {N1 ... Nn ... N8} 
Nn are the nodal shape function values calculated 
at the local &, n coordinates; 
in denotes an element; 
and n denotes the local element node number. 
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3.3 ELEMENT STRESSES AND STRAINS 
Two of the important quantities that are Usually required are 
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the element stress. and.: strain states. If {c) is the vector of strain 
components at an arbitrary point within the finite element, the strain- 
displacement equations and the displacement model can be used to write: 
{c) = [B]{mui} 
where {e} _ {c ey yxy}T 
[B] = [B1 BI, ... B5] 
Bn =[ Nn 01 
I 
aX 
0 äNn 
ay 
aNn aNn 
ay ax 
M. denotes an element; 
and n denotes the local element node number. 
(3.2) 
If {c} is the vector of stresses corresponding to the strains, 
{e), then: 
{o) _ [D]{E} (3.3) 
, 
4, 
CAJA 
where ID] is the matrix of material constants 
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= K+ 3 K- 30 
K- -23-G K+30 
00G 
and K, G are the bulk and shear moduli, respectively. 
The [D]-matrix is written in terms of the two elastic parameters, 
K and G, although it could have been written in terms of Young's modulus 
and Poisson's ratio. It has already been stated (in Chapter 2) that K 
and G are more appropriate parameters to describe soil behaviour and are 
also used because much is known about their variation with stress and 
strain level. 
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Equations (3.2) and (3,3) show how stresses are calculated at 
any point within the element, Convenient. positions to have the stresses 
output for examination are the nodal points. However, for a node which 
is shared by more than one element the value of stress obtained from each 
element may not coincide. There is a discontinuity in the stress field 
at element interfaces. Also, for nearly incompressible materials the 
values of stresses calculated at the nodes are greatly in error (Naylor, 
1974). To overcome this problem Hinton and Campbell (1974) developed a 
stress smoothing technique where the values of stresses at the 2 X2 Gauss 
points are extrapolated in a bilinear fashion to nodal values. These 
stresses may be averaged with adjacent element contributions where they 
exist. Such a stress smoothing technique was used by the author for 
visual inspection purposes although stresses computed at the 2 x2 Gauss 
points were used to monitor and control material nonlinear behaviour. 
3.4 NUMERICAL INTEGRATION TO OBTAIN ELEMENT STIFFNESSES 
For distorted elements (as in Figure 3.1) numerical integration 
is virtually essential to obtain element stiffnesses. A commonly adopted 
quadrature rule is Gaussian integration which evaluates an integral by 
evaluating the function to be integrated at a number of selected points 
(called Gauss points) and multiplying them by specified weighting factors. 
The process is remarkably accurate and errors can always be minimised by 
using more Gauss points. 
A Gauss point rule with n sampling points can integrate a 
polynomial up to degree 2n -1 exactly. For an element with constant 
material properties a three point Gauss rule in each of the local ý and 
n directions is, strictly speaking, necessary to obtain the element 
stiffness accurately. However, integration using a2 x2 Gauss rule 
('reducedl integration) is often preferred to the use of lexactl because 
the 2 x2 Gauss points are the 'optimal` points at which to sample such 
quantities as stresses and strains in an eight-noded isoparametric element 
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thus 'reduced' integration achieves improved accuracy (Chapter 11 of 
Zienkiewicz, 1977), In the analysis of undrained problems of soil 
mechanics (i. e. involving incompressible or nearly incompressible 
materials) 'reduced' integration has the beneficial effect of decreasing 
the-number of incompressibility constraints on the nodal degrees of 
freedom thus avoiding the phenomenon of 'locking'. Also, 'reduced' 
integration involves less computational effort than 'exact' and so 
results in a cheaper cost of solution. 
The above statements apply to the case of elements with constant 
material properties. If the material properties vary across the element, 
thus increasing the degree of the polynomial to be integrated to obtain 
the element stiffness, the benefits of using 'reduced' integration may 
be diminished if sufficient accuracy of the integration cannot, be achieved. 
To compare both integration rules the author has used 'exact' and 
'reduced' integration. for element stiffnesses whereby the bulk and shear 
moduli calculated at the 2 x2 Gauss points were extrapolated to the nodes, 
averaged with other element contributions and interpolated for integration 
by either Gauss rule using the nodal shape functions. For the analysis of 
a flexible strip load on a thick clay layer the nodal values of bulk and 
shear moduli for one element near the load are shown in Figure 3.2 as a 
proportion of the element average. For this particular element it is 
clear that the variation in moduli across the element is not severe and, 
in general, the comparison of displacements directly under the load 
between analyses using 'exact' and 'reduced' integration showed a maximum 
difference of approximately 2%. As the values of the moduli are dependent 
on the values of stress one would not expect a large variation in moduli 
across an element because one would normally use many, small elements in 
regions of greatly varying stresses. The author has, therefore, chosen 
'reduced' integration to obtain element stiffnesses. 
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3.5 NONLINEAR METHODS OF ANALYSIS 
Nonlinear solution methods fall into three main categories: 
(i) incremental procedures, (ii) iterative procedures, and (iii) mixed 
procedures. Each will now be explained bearing in mind that the non- 
linearity arises from the nonlinear stress-strain behaviour of the soil. 
Geometric nonlinearity is not considered. 
3.5.1 Incremental Procedures 
These procedures are based on the subdivision of the load into 
many small increments, not necessarily of equal magnitude. For each 
increment of load the material is assumed to behave as a linear elastic 
material. Between increments the stiffness matrix is updated to a new 
tangential value which is generally dependent on the state of stress and 
strain accumulated at the end of the previous increment. The basic 
approach is shown schematically in Figure 3.3. 
Improvements can obviously be made upon this basic approach to 
increase the accuracy of the solution. A simple method would be to, say, 
halve the size of the load increments but this would approximately double 
the cost of analysis. Much more common is to use predictor-corrector 
methods (such as the midpoint Runge-Kutta scheme) to obtain an improved 
estimate of tangential stiffness. Whichever predictor-corrector method 
is used the numerical solution is likely to stray from the exact solution. 
Because a new stiffness matrix has to be assembled and reduced at each 
step of the analysis this type of method can prove to be expensive. The 
incremental procedure cannot reliably be used when the material exhibits 
strain-softening as negative moduli would be defined which may upset the 
numerical solution. 
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3.5.2 Iterative Procedures 
These procedures employ a number of re-solutions for each incre- 
ment of applied load which continue until some convergence criterion 
(or criteria) is satisfied. The most obvious method is the direct 
method (or secant modulus method or method of successive approximations) 
as shown schematically in Figure 3.4. As can be seen in the figure, the 
whole load is applied during each iteration and a new secant stiffness 
matrix calculated. Although this method can handle strain softening 
behaviour it can be divergent in the case of a 'locking' material 
(Figure 3.4(b)). 
Alternatives to direct iteration are the 'equivalent load' methods. 
Equivalent (or residual) load methods apply a set of artificial loads 
to correct for departure of the elastic solution from the nonlinear 
solution. Two ways to correct for this departure are embodied in the 
'initial strain' and 'initial stress' methods. For each increment of 
load these methods utilize the stiffness matrix calculated at the start 
of tAe incre+xenE. 
The basis of the initial strain method is shown in Figure 3.5. 
The first linear solution for the increment is represented by the point 
A in the figure. However, the correct solution for the stress state is 
point B. The strains necessary to correct for departure from the 
constitutive law, {eo}, at the current stress state are calculated and 
treating these as initial strains an equivalent set of initial stresses 
are obtained simply from: 
{oo} = [D}{co} (3.13) 
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Via a virtual work integration, these. initial stresses are converted to 
a set of nodal residual loads, {Q0), from: 
(Qo) = 
J{B]T{ao}dVm 
(3.14) 
Vm 
and contributions are built up element by element. 
The initial stress method is shown schematically in Figure 3.6. 
Again, an elastic analysis gives the solution at point A. This time 
the displacements are assumed to be correct and a set of residual loads 
that correspond to the residual stresses represented by AB are calculated 
using Equation (3.14) and applied to the system to obtain the next 
solution, At, and so on until convergence is achieved. 
Referring to Figures 3.5 and 3.6 certain conclusions may be drawn 
about the two equivalent load methods shown. The initial strain method 
will fail to find a solution for a strain hardening material if the 
applied load is too large and the initial stress method will fail to 
find a solution for a 'locking' material if the tangent stiffness has 
too small a value. Generally, if the initial strain method cannot be 
used to solve a problem then the initial stress method can and vice 
versa, but the choice of which equivalent load method should be used 
may solely depend on how the constitutive law is formulated. The number 
of iterations required in any one increment for either method is very 
problem- and tolerance-dependent. Equivalent load methods may prove 
to be relatively cheap (compared to incremental methods) because they 
utilize a constant stiffness, however, this depends on the severity 
of the nonlinearity. 
3.5.3 Mixed Procedures 
It is obvious from the above procedures that a more efficient 
solution algorithm could be devised using the more desirable features 
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of each type of procedure. What mixture should be used to optimise 
accuracy for a given cost depends to a large extent on the problem in 
hand. There can be no 'black box' for solving nonlinear problems. 
A method referred to as the 'tangential stiffness methods (Owen and 
Hinton, 1980) applies iterations within each load increment but 
recalculates the stiffness matrix for each iteration (Figure 3.7). 
The convergence rate is higher than in conventional iterative schemes. 
This method may prove more economic when the amount of nonlinearity 
is high - the cost of performing five resolutions is approximately 
equal to the evaluation and reduction of one stiffness matrix. Because 
this method follows the applied stress paths more closely than in 
incremented and iterative methods, larger (and hence fewer) load 
increments may be used. ' As with the incremental methods the tangential 
stiffness method may become unstable when strain softening behaviour 
is present. 
3.5.4 Method Adopted 
Taking into consideration-all of the above methods the author 
has chosen to use a mixture of the initial strain and incremental 
methods. Between increments of load a tangential stiffness is evaluated; 
during iterations, a constant stiffness is utilized. The finite element 
program used has the facility of carrying out an analysis in a series 
of stages, saving the relevant information on file between these stages. 
In this way the nonlinear solution algorithm can be amended as necessary 
in the light of the results. up to the point at which the analysis was 
stopped. The amendments usually take the form of; altering the size of 
the load increments or the tolerance of the convergence criteria. 
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In the analysis of creep problems a set of creep strains are 
predicted for a certain time interval; These creep strain increments 
can be treated as initial strains and so. the initial strain method 
can be used to analyse creep problems (none of the other methods is 
suitable). It was considered as an advantage to have one solution 
algorithm that could handle both material nonlinearity and creep 
behaviour. In the analysis of nonlinear consolidation problems 
Siriwardane and Desai (1981) have shown that, for the simple problem 
of a strip footing on a clay layer, residual load methods are preferable 
to incremental methods with respect to accuracy, stability and computer 
cost. 
The initial strain method becomes unstable when the material is 
near a failure condition. However, the main boundary value problems of 
interest were those of embankments and strip footings on clay layers 
where the analyses were concerned with the predictions of displacements 
with time under working loads. The prediction of failure loads was 
not a prime concern although the point at which the initial strain 
method becomes unstable was investigated (Chapter 6). For wide embank- 
ments on shallow clay layers the behaviour of the soil below the 
embankment is predominantly one-dimensional and the initial strain 
method is capable of analysing this kind of soil response. For the 
classes of problems considered the solution algorithm was satisfactory. 
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CHAPTER FOUR 
MATERIAL STRESS-STRAIN-TIME BEHAVIOUR 
4.1 INTRODUCTION 
Chapters 2 and 3 reviewed some of the nonlinear models of soil 
behaviour and nonlinear solution techniques available. This chapter 
examines the models chosen for this study to represent the stress-strain- 
time behaviour of normally consolidated and lightly overconsolidated 
clays, along with any modifications to those models and also shows how 
they are implemented within the chosen method of nonlinear finite element 
analysis. The opportunity will first be taken to elaborate on the 
subjects of elasto-plastic behaviour and associated models. 
4.2 ELASTO-PLASTIC BEHAVIOUR 
The author has chosen to use an elasto-plastic soil model because 
such a model is very flexible and can account for a wide variety of soil 
behaviour whilst having a manageable number of material parameters. 
A user of an elasto-plastic soil model may alter the model quite easily 
to give better predictions of behaviour for certain specific stress 
states that are important to the particular problem in hand whilst not 
affecting the predictions made for other stress states. Bearing witness 
to the flexibility of elasto-plastic models is the wide variety of such 
models that exist, for example: the 'Cam clay' models (Schofield and 
Wroth, 1968, Roscoe and Burland, 1968); the 'bounding surface' models 
(Dafalias and Popov, 1975, Herrman et al., 1982); the 'reflecting 
surface' models (Pande and Pietruszczak, 1982); the 'multi-laminate' 
models (Pande and Sharma, 1980,1981); and the use of 'stress-reversal 
surfaces' (Norris, 1980,1982); amongst others. 
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4.2.1 Yield Surfaces for Soil 
The Mohr-Coulomb yield criteria defined in terms of the cohesion, 
C, and angle of internal friction, ¢, has been widely used in soil 
mechanics for a number of years as the basis of bearing capacity and 
slope stability problems. When represented in three-dimensional stress 
space the Mohr-Coulomb yield surface has the appearance of a hexagonal 
cone (Figure 4.1). Variations to this type of open ended yield surface 
are the Drucker-Prager, extended Von-Mises, compromise cone and axial 
extension cone yield surfaces, which are all right circular cones with 
differing apex angles. For an explanation of these yield surfaces and 
others the reader is referred to Naylor (1978) and Zienkiewicz and 
Humpheson (1977). 
Open ended yield surfaces with associative flow rules cause 
unreasonably large dilational strains which are not observed experi- 
mentally and so non-associative flow rules are often used incorporating 
a dilation angle, 'ip (Figure 4.2). Because yielding leads to dilational 
strains, strain softening behaviour is predicted leading to local 
failure zones and the yield surface can be regarded as a failure 
criterion. Open ended yield surfaces are subject to the serious 
objection that no yielding is predicted before the stress paths reach 
the failure envelope. The material is assumed to be purely elastic 
before yield. This difficulty is overcome by assuming that the open 
ended yield surfaces may be 'capped' by one or a series of yield 
surfaces. There are a number of shapes the cap may assume, the two 
commonest being the 'log spiral' and ellipse of the Cam clay and 
'modified' Cam clay models, respectively. 
cy- 
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Figure 4.1 The Mohr-Coulomb criterion in principal stress space 
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Figure 4.2 Associated and non-associated flow 
rules for conical yield surfaces 
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4.2.2 Cam Clay Models 
The Cam clay model-(Schofield and Wroth, 1968) was originally 
developed to predict the behaviour of normally consolidated and lightly 
overconsolidated soils. One of the main assumptions of the model is 
that the flow rule is associative. From consideration of the work 
dissipated during shear the equation of a yield surface was developed 
and is represented pictorially in Figure 4.3(a). Yielding on this 
surface predicts strain hardening behaviour and so the yield surface 
expands with plastic straining. The material cannot fail until the 
state reaches the critical state line where shearing occurs at constant 
volume. Burland (1967) adopted a different expression for work 
dissipated during shear resulting in an elliptical yield surface 
(Figure 4.3(b)) and the model is known as the 'modified' Cam clay model. 
This has advantages over the original Cam Clay model in that the flow 
rule predicts volumetric plastic strains only for stress states on the 
PI axis (point I in Figure 4.3(b)) and shear strains only at the critical 
state point (point C in Figure 4.3). Roscoe and Burland (1968) suggested 
an improvement to the modified theory such that extra shear strains could 
be introduced during yielding by introducing a new plastic potential. 
This 'revised modified' Cam clay model is shown in Figure 4.3(c). 
The Cam clay models are able to make good predictions of soil 
behaviour for normally consolidated and lightly overconsolidated soils. 
For this reason elasto-plastic soil models using capped yield surfaces 
often use a Cam clay yield surface with an associated flow rule to the 
right of the critical state line (see Figure 4.3) and a Mohr-Coulomb 
type conical yield surface with a non-associated flow rule to the left 
(see Figure 4.2). The author has adopted the 'modified' Cam clay model 
because it gives better predictions of soil behaviour than does the Cam 
clay model. The 'revised modified' Cam clay model was rejected because 
it requires a number of extra triaxial tests to be carried out to 
q 
(a) Cam clay 
q 
(b) 'Modified' Cam clay 
q 
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Figure 4.3 Yield loci and flow rules for the Cam clay models 
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(c) 'Revised modified' Cam clay 
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determine the parameters required to define the plastic potential and 
flow rule responsible for the extra shear strains. 
4.2.3 Some Recent Developments 
The 'bounding surface' soil plasticity model (e. g. Dafalias and 
Herrman, 1980) extends the basic framework of critical state soil 
plasticity. The yield surface of the critical state concept becomes a 
bounding surface within'which plastic deformation can occur. The amount 
of plastic straining is determined by allowing the plastic bulk modulus 
to be a decreasing function of the distance of the stress state from a 
corresponding point (the 'conjugate point') on the bounding surface 
(see Figure 4.4). Also shown in Figure 4.4 is the 'elastic nucleus' 
within which no plastic straining can occur and which was introduced 
to improve predictions of cyclic behaviour of triaxial specimens. 
More recently Naylor (1982) has put forward a 'continuous 
plasticity' version of the critical state model, Although similar to 
the bounding surface model it differs in the assumed shape of the yield 
surface; in the definition of the conjugate stress state point (see 
Figure 4.5) and it differs in the way in which the amount of plastic 
strain is calculated. 
4.3 CHOSEN MODELS OF MATERIAL BEHAVIOUR 
The author's method of analysis is intended to predict the 
behaviour of clays that are normally consolidated or lightly overcon- 
solidated (i. e. clays that fail on the 'wet' side of critical states). 
The method does not apply to the analysis of heavily overconsolidated 
clays (i. e. clays that fail on the 'dry' side of critical states) 
because such clays yield with dilational plastic straining which causes 
local instability and failure. The phenomenon of local failure makes 
predictions of deformations rather dubious since the material becomes 
discontinuous whilst the soil model assumes the material to be continuous. 
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Figure 4.4 Schematic representation of the bounding 
surface in invariant stress space 
Figure 4.5 Schematic representation of the 'continuous 
plasticity' critical state model in invariant 
stress space 
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The analysis of time-dependent creep behaviour is restricted to 
the analysis of-'deviatoric' or 'undrained'-creep. 'This was because 
volumetric creep strains are likely to be very small in relation to the 
volumetric strains due to the process of consolidation and as both 
processes occur simultaneously, reliable data referring to volumetric 
creep is scarce. Deviatoric creep, in the other hand, is studied using 
undrained triaxial tests and so much reliable data is available. 
4.3.1 Time-Independent Behaviour 
The 'modified' Cam clay model has been used herein to make 
predictions of time-independent behaviour and has been adapted by the 
author to make a more general model. The resulting model is. 
_more 
flexible than the 'modified' Cam clay model in that the position of the 
centre of the yield surface ellipse is allowed to vary from material 
to material. The arguments for this modification are set out below. 
The soil is treated as an isotropic material and reversible 
(elastic) behaviour is postulated for states lying within the state 
boundary surface (see Figure 4.6). A state point lying below the state 
boundary surface lies on an 'elastic wall' and as long as the state path 
remains of this particular elastic wall the behaviour is assumed to be 
elastic. For a state path to reach another elastic wall it must traverse 
the state boundary surface. As it does so irrecoverable (plastic) 
strains occur and on unloading the state path is constrained to move 
along a new elastic wall. 
(i) Yield surface 
The intersection of an elastic wall with thq yield surface is 
assumed to have an elliptical shape, The modified Cam clay ellipse, 
shown in Figure 4.3(b), has its centre on the p'-axis at a value of 
2'p' (a prime denotes an effective stress). There is little justification 
P, 
normal consol 
(NCL) 
vý 
Figure 4.6 The state boundary surface for normally consolidated 
and lightly overconsolidated soils 
Figure 4.7 The elliptical yield locus used by-the author 
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for constraining the centre at this point and the author's modification 
to the model is to calculate the position of the centre from the known 
material parameters. The resulting yield surface ellipse is shown in 
Figure 4.7. The motivation for this modification was prompted by 
consideration of the relative positions of the normal consolidation line 
and the critical state line in v, ln(p') space, Figure 4.8. When values 
have been prescribed to the parameters N and r (defined in Figure 4.8) 
then the centre of the yield surface can be calculated explicitly (see 
below). The author has introduced a dimensionless parameter, L, in 
Figure 4.7 to specify the location of the centre of the ellipse. This 
parameter is related to the parameter R in the bounding surface model 
(Figure 4.4) and the parameters a and y used by Wei (1981), (Figure 4.9). 
L is defined as the ratio 'pf (where pf is the value of mean 
pc 
normal stress at the critical state point for a given elastic wall and 
pT is the preconsolidation pressure) and its value can be calculated 
using the equations of-the critical state line (CSL), normal consolidation 
line (NCL) and a swelling curve. The equations of each curve are 
(see Figure 4,8): 
CSL v£ =r-A ln(pf) (4.1) 
NCL vc =N-A ln(p') (4.2) 
Swelling curve v= vc -k ln(pt/PC) (4.3) 
where p represents the mean normal stress; 
v represents the specific volume; 
N is the specific volume at unit p' on the NCL; 
r is the specific volume at unit p' on the CSL; 
A is the slope of the CSL and NCL in v-ln(p') space; 
k is the slope of a swelling curve in v-ln(p') space; 
and a prime denotes an effective stress. 
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Figure 4.8 The normal consolidation line and critical 
state line in v- In (p') space 
47 
Figure 4.9 The elliptical yield locus of Wei (1981) 
ln(p) 
P Pr c 
P °C Pc 
_J 
48 
Equating values of specific volume at the intersection of the critical 
state line and a swelling curve gives: 
r-A ln(pf) = vc -k ln(pf/pl) (4.4) 
substituting vc from Equation (4.2) gives: 
r-A ln(pf) =N-A ln(p') -k ln(pf/p') (4.5) 
and after some manipulation, finally: 
L= pl/pt exp(r 
N) (4.6) fc5-k 
Alternatively, L can be obtained experimentally from a series of undrained 
triaxial tests. 
The equation of the yield surface ellipse used in the author's 
model is: 
(pt - Lp')2 (qv)2 
+_ (pi) 2 
(ý L)2 (rf)2 
(4.7) 
A value of L=2 recovers the ellipse of the 'modified' Cam clay model. 
The values of the parameter, L, for San Francisco Bay Mud and 
Keuper Marl are approximately 0.48 and 0.31, respectively. The material 
parameters for San Francisco Bay Mud were taken from Kavazanjian and 
Mitchell (1980) and those for Keuper Marl taken from Hyde (1974). The 
resulting yield surface ellipses are shown in Figure 4.10 along with the 
modified Cam clay ellipse. One would expect the modified Cam clay model 
to overpredict the failure loads for consolidated undrained triaxial 
tests for both soils, the greater error being in the case of Keuper Marl. 
The extent to which the parameter, L, influences displacements of a 
strip load is examined it Chapter 6. 
(ii) Hardening behaviour 
To determine whether a point in the soil is acting elastically 
or plastically the value of a yield function is evaluated. This function, 
F, is obtained from a non-dimensionalised form of the equation of the 
yield surface ellipse and is shown below: 
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Figure 4.10 Yield locus ellipsi for different materials 
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Figure 4.11 Variation of bulk and shear moduli in 
invariant stress space 
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F= (PC - L)2 + (rfpC)z(1 
L? 
---. (1. - L) 
2 (4.8) 
A value of F less than zero indicates that the stress point is inside the 
yield surface and that the soil is behaving elastically; a value of zero 
indicates that the stress point is on the yield surface implying the 
onset of plastic behaviour for, further increase in load; and a value 
greater than zero indicates that the stress point is outside the current 
yield surface implying that the soil is behaving plastically. In this 
last case the yield surface must expand (as the soil strain hardens) so 
that the stress point remains on the expanding yield surface during the 
load increment. Hardening behaviour is, therefore, associated with 
F>0. 
The size of the yield surface is given by the value of the 
preconsolidation pressure, p', and when yielding occurs pt will increase 
in magnitude. The way the model calculates the new value of pc is to 
assume that the values of stress obtained at the end of the application 
of the load are correct. By putting F=0 in Equation (4.8) and 
rearranging, the new value of p' can be calculated by solving the 
quadratic equation: 
(1 - 2L)(PC)2 + (2Lp')(Pt) - (pß)2 - 
[(1 
ML 
L) 
q']2 =0 (4.9) 
During the increment of load the value of specific volume will 
alter due to the amount of volumetric strain incurred. There is however 
a unique value of specific volume, vtheo" for a given stress point on 
the yield surface. The actual value of specific volume is likely to be 
different from vtheo and so some plastic volumetric strain must be 
introduced into the soil at the point in question to restore compatibility 
with the model. 
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To calculate vtheo lt is first. necessary to calculate the value 
of the equivalent pressure, pe, which is the value of mean normal stress 
lying on the normal consolidation line in the undrained plane (constant 
v section) containing the state point. Considering Figure 4.8, the value 
of specific volume at point a, va, can be obtained with reference to the 
normal consolidation line and swelling curve and equated as follows: 
va =N-A 1n(pe) = vc -k 1n(Pä/P4) 
where vc =N-A 1n(pl). 
Substituting for vc and rearranging leads to: 
r_r Pa Pe Pc 
P, 
c 
Since p', p', A and k are known, pe can be evaluated. 
(4. I0) 
(4.11) 
Putting this .ý 
.! ý 
', 
`j, ý 
value into'the equation of the normal consolidation line yields the 
value of vtheo' The error in specific volume is obtained by simply 
subtracting the actual value of specific volume from vtheo' This error 
in specific volume is then divided by the value of specific volume at 
the start of the increment (strictly speaking, the average value during 
the increment should be used) to obtain the plastic volumetric strain 
increment to be introduced into the soil to restore compatibility with 
the model. The individual components that make up the plastic strain 
increment vector are calculated using the flow rule. 
(iii) Flow rule 
An associated flow rule is used herein and so Equation (4.8) is 
also the equation of the plastic potential. To calculate the increments 
of plastic strain (see Equation (2.7)) it is necessary to differentiate 
the yield function with respect to stress and to obtain the value of the 
plastic multiplier, dx. The terms of 
Dam 
can be obtained using the 
chain rule for differentiation, i. e. 
aF aF ap' + aF . agv aolj ap -r aýij aqi aolý (4.12) 
52 
F is given by Equation (4.8), and the stress invariants q' and p' are. 
defined as follows: 
p' _ (ßX + ßy +at)/3 (4.13a) 
qT = 
V1 
I(a' - 0y)2 + (ay - ßZ)2 + (a' - at)2 + 6(T')21 L 
(4.13b) 
Performing the differentiation yields: 
as 
= 32, (P, - L) + 3( PL 
2 
) (ßl - P') ; (4.14a) 
Pý c 
z 
aT 
=3' 
PCL) 
TXy (4.14b) 
where i=x, y, z. 
To calculate the value of the plastic multiplier the following relationship 
is used: 
dcV = da. aF (4.15) 
ap 
where deV is the value of the plastic volumetric 
strain increment. 
This relationship stems from the assumption that the directions of 
principal stress and strain are coincident and thus a pure volumetric 
strain is dependent only on the mean normal stress. 
(iv) Material parameters 
The author's model requires the material parameters r, N, A, k 
and N. This number of material parameters appears to be one more than 
those required for the modified Cam clay model. However, the modified 
Cam clay model assumes a certain value for r by virtue of the fact that 
it tacitly assumes L=0.5 (the value of r can be found by rearranging 
Equation (4.6)). From the set of material parameters the value of a 
tangential bulk modulus can be obtained. The tangential shear modulus, 
however, must be defined separately and so must be included as an extra 
material parameter (for both models). 
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The tangential elastic bulk modulus can be obtained from the 
slope of the tangent to the swelling curve, in which the state point 
lies, in av -p' plot. Its value can be derived as: 
Ke = 
pv 
k (4.16) 
where e denotes an elastic quantity. 
Although the bulk modulus is dependent on both stress and specific 
volume, the state of stress has more influence on its value since the 
specific volume changes little for most practical problems. 
The Cam clay models assume that recoverable shear strains are 
negligible and this implies that the elastic shear modulus is infinite, 
or alternatively, that Poisson's ratio has a value of -1. A, _value of 
Poisson's ratio of less than zero seems unreasonable to many; however, 
such a value has little influence on the amount of total strain since 
elastic strains are generally small compared to plastic strains and is 
admissible provided both the bulk and shear moduli remain positive. 
When a soil reaches the point of critical states it is assumed that the 
soil shears at constant volume. This kind of behaviour implies that the 
shear modulus reduces to near zero and that the bulk modulus is infinite. 
An infinite bulk modulus implies that Poisson's ratio has a value of 0.5. 
Variable elastic soil models that define independent bulk and shear 
moduli (see Section 2.2.2) generally predict a value of shear modulus 
which has a finite value for isotropic stress states and which reduces 
to a minimum value as failure is approached. Naylor (1975,1978) shows 
an experimentally determined variation of values of shear modulus with 
stress state for a compacted boulder clay. The author has used a similar 
approach to that stated in Section 2.2.2, where the value of shear 
modulus is obtained from the values of stress invariants normalised with 
respect to the preconsolidation pressure. 
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Figure 4.11 shows the. assumed variation of bulk and shear moduli 
with stress invariants q' and p' for a given elastic wall. The bulk 
modulus increases with increasing mean normal stress for states below 
the yield surface and has the value given by Equation (4.16). Once the 
soil has yielded and is elasto-plastic the bulk modulus takes the value: 
Kep = 
piv (4.17) 
whre ep denotes an elasto-plastic quantity. 
This elasto-plastic bulk modulus is derived in a similar way to the 
elastic bulk modulus. 
The shear modulus increases with increasing distance of the stress 
point from the critical state line and has a maximum value (for a given 
elastic wall) when the stress state indicates a normally consolidated 
soil. To calculate the tangential shear modulus at a stress point it is 
advantageous to represent Figure (4.11) normalised with respect to the 
preconsolidation pressure (Figure 4.12). Values must be assigned to the 
parameters Kmax, Gmax and Gmin' Kmax is obtained from: 
Pv Kmax ee 
k 
(4.18) 
where each parameter is defined in Figure 4.8. 
Gmax can be obtained as a proportion of Kmax if a value of Poisson's 
ratio for the soil in a normally consolidated condition is assumed. 
In this case: 
G='. 
3(l - 2v) Kmax 
. (4.19) max 2 (1 + v) 
Gmin may take any small arbitrary value. 
A linear variation of shear modulus between the contours of Gmax 
and Gmin is assumed. Therefore, the value of shear modulus at a stress 
point can be calculated as (see Figure 4.12): 
G= Gmin + 
[(P 
,)- 
(-q-',. )] Gmax (4.20) 
Pc Pc 
PC 
Figure 4.12 Representation of the parameters defining the 
shear modulus in normalised stress space 
log (E`) 
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Figure 4.13 Schematic representation of creep response to 
a varying stress level 
'1- pc ipý 
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Should the quantity in square brackets in Equation (4.20) become negative, 
thus implying that the stress point lies to the left of the projection of 
the critical state line in q', pt space, then the shear modulus assumes 
the value Gmin" 
4.3.2 Time-Dependent Behaviour 
The creep model of Singh and Mitchell (1968) was used to predict 
time-dependent deviatoric creep behaviour. Equation (2.9) can be written 
in a more useful form as: 
ee =A etaD)(tl)m 
t 
(4.21) 
where D is the ratio of deviator stress to deviator stress 
at undrained failure, q'/qf; 
a= aq f; and 
A, t1, a and m are defined in Equation (2.9). 
The use of parameters a and D instead of a and D is more convenient 
because they are both dimensionless and the value of a does not vary 
greatly with moisture content (thus predictions of behaviour over a wide 
range of conditions can be made from a limited number of creep tests). 
To use Equation (4.21) a starting value of elapsed time must be 
specified, so any analysis must assume to start at that specified time 
after the application of the load. Typical values for practical problems 
may range between one day and one month. The creep strain rate predicted 
by Equation (4.21) for a given point in the material under a time-varying 
stress level is shown schematically in Figure 4.13. Under a level of 
stress, D1, the creep strain rate is initially represented by point 1 
and this value gradually decreases until the rate is represented by 
point 2. At this time an increase of load produces a stress of D2 giving 
rise to a strain rate represented by-point 3 in the figure. The predicted 
strain rate gradually decreases with time as shown as long as no further 
disturbance is introduced. 
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The predicted creep rate, ec is the vertical creep strain rate 
of a triaxial sample. Problems arise when attempting to apply this 
essentially uni-dimensional creep strain rate to situations involving 
more dimensions (such as plane strain conditions). Chang et al. (1974) 
overcame these difficulties by making the following assumptions: 
(i) no volume change occurs due to creep strains; 
(ii) the principal shear strain rates are directly 
proportional to the corresponding principal shear 
stresses; 
(iii) the principal strain axes do not rotate under deformation; and 
(iv) the strains are small. 
The flow rule for creep strain rates resulting from these 
assumptions is: 
c 
6ij =2q, ((Jlj - pI6ij) (4.22) 
where i, j = x, y, z and o' = o', etc.; 
xx x 
Ec is given by Equation (4.21); and 
6 is the Kronecker delta. 
Proper consideration must be given to the constraints in the 
out of plane direction (z-direction). For plane strain conditions the 
total strain in the out of plane direction is zero. The/stress-strain 
relationship for a material when creep is continuing can be written as: 
eX = 
E{ßX 
- v(oy + QZ)} + cc (4.23a) 
Ey = E{ßy - v(oZ + a')) + ey 
(4.23b) 
ez = E{6z - v(a' + o')}. + cZ (4.23c) 
For plane strain conditions ez =0 and so from Equation (4.23c): 
aZ = v((j '+ CO) - EEC (4.24) 
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and on substituting this in Equations (4.23a) and (4.23b) one obtains: 
e={ 
(1+v2)a' 
-V 
(l + y)Q') + CC + vee xExEyxz (4.25a) 
ey = {(1_v2)aI - 
v(1 + y)6'} + cc + vec (4.25b) EyExy 
The quantities within the brackets of Equations (4.25) are the elastic 
strains and so to account for the out of plane creep strains a strain 
equal to vcc is added to the strains in the x- and y-directions. 
Equation (4.24) is used to calculate o'. 
The three creep parameters necessary to define the model of 
deviatoric creep behaviour can be obtained from a minimum of two identical 
cylindrical triaxial samples, at the same moisture content and same 
initial stress conditions. The samples must be subjected to creep tests 
under different deviator stresses covering a range, say, of 30% to 90% 
of the maximum deviator stress depending on the stress history. Under 
these sustained loads, strain is observed with time. Singh and Mitchell 
(1968) expand on the subject of parameter evaluation in their Appendix I. 
It should be noted that the parameter, in, is not unique for a given soil 
and may vary depending on whether the soil sample is on the 'wet' or 'dry' 
side of critical states. Hyde (1974) has obtained results for Keuper 
Marl which indicate a value of m of 0.86 on the 'wet' side and 1.00 on 
the 'dry' side of critical states. 
4.4 IMPLEMENTATION BY THE FINITE ELEMENT METHOD 
4.4.1 Initial Conditions 
The initial values of effective stresses, pore pressures and 
specific volumes are important parameters because the nature of the 
subsequent deformation behaviour is heavily dependent upon them. The 
author's program requires the initial values of effective stresses and 
pore pressures to be input as nodal values. These values are then 
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interpolated to the 2 x2 Gauss points using the nodal shape functions 
and stored. The definition of the initial material state is not complete 
without the specification'of the initial values of the specific volume 
and preconsolidation pressure for each Gauss point. Two ways of doing 
this would be to: a) specify the value of specific volume and with 
knowledge of the initial stress state calculate the corresponding 
preconsolidation pressure; or b) specify the overconsolidation ratio, 
OCR, and calculate the values of specific volume and preconsolidation 
pressure with knowledge of the initial stress state. Because the value 
of the preconsolidation pressure is sensitive to a small change in 
specific volume and also because the state of stress is better known, 
in practice, than the state of strain the author has adopted the latter 
approach. The variation of specific volume may assume a step-wise 
variation with depth if two or more different materials are present and 
so the authors program requires a value of overconsolidation ratio to be 
specified for each finite element and the consequent values of specific 
volume and preconsolidation pressure are prescribed to each 2 x2 Gauss 
point within the element (see below). 
Once all initializing of the input data has been completed 
(e. g. material parameters, geometry, boundary conditions and loading 
defined) the initial state of the material at every Gauss point can be 
determined. The value of the preconsolidation pressure, pt, is obtained 
from; 
pc' = p' OCR (4.26) 
The value of initial-specific volume, vi, is obtained in two stages. 
First, the value of specific volume, vc, lying on the normal consolidation 
line with a stress value of p' is obtained simply as: 
vc =N-X 1n(pý) (4.2)bis 
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Second, using the equation of a swelling line the value of vi is 
obtained as: 
Vi = vc +k ln(OCR) (4.27) 
Values of the bulk and shear moduli for the first load increment 
may be input directly as nodal values and interpolated to the Gauss 
points using the nodal shape functions or they may be calculated at the 
Gauss points directly from the initial values of stresses, specific 
volume and the relevant material parameters. 
4.4.2 Nonlinear Solution 
(i) Iterative cycle 
Having obtained the initial conditions for an increment of load 
the overall stiffness matrix is assembled and reduced, the increment of 
load applied and the resulting displacements obtained. The effective 
stresses and specific volumes are then calculated at the 2 x2 Gauss 
points (with the stresses extrapolated and averaged at the nodes if 
visual inspection is required). The stresses are added to the values 
that existed before the increment of load and the values of the stress 
invariants q' and p' are calculated (Equations (4.13)). For each Gauss 
point the set of values q', p', v are checked for yielding behaviour 
by first of all calculating the value of the yield function, F, 
(Equation (4.8)). If the, Gauss point has not yielded then no further 
action is taken. If it has yielded and the state point lies to the 
'wet' side of the critical state line indicating strain-hardening 
behaviour (i. e. p' >L p') a new value of p' is calculated using 
Equation (4.9). If the stress point lies above the projection of the 
critical state line in a q', p' plane (i. e. q' > Mp') a suitable warning 
message is output and no further action is taken, The author's program 
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is not intended to analyse strain softening behaviour but the above 
provision has been made for any areas (hopefully, small areas) where 
this behaviour may occur. The program user must judge whether or not 
this behaviour is significant for the particular analysis. 
For strain-hardening behaviour the value of the equivalent 
pressure, pe, is calculated using Equation (4.11) which when put into 
the equation of the normal consolidation line yields the value of the 
theoretical specific volume for the Gauss point, vtheo" The plastic 
volumetric strain increment required to restore compatibility with the 
soil model is calculated and the flow rule is used to obtain the plastic 
strain-increment vector (as described in Section 4.3.1(iii)). 
Special treatment must be given to the plastic strain increment 
vector because conditions of plane strain are assumed. It is the total 
strain in the out of plane direction (z-direction) that is zero, not 
the plastic strain. Therefore, in a way analagous to the treatment of 
the creep strains in the previous section, plastic strains equal to 
vScZ are added to the plastic strain increments in the x- and y-directions. 
For all elements that have Gauss points that have yielded a set 
of residual forces is calculated using Equations (3.13) and (3.14) and 
added into the global residual force vector. This vector is added to 
the vector of external loads for the increment and a new solution 
obtained using the same stiffness matrix. 
ments the effective stresses are obtained 
plastic strains are present: 
{a' {a' )+ [D] ({se} -' {sEp}) 
The values of q', p', v are again checked 
the iterative cycle repeated until convert 
From this new set of displace- 
taking account of the fact that 
(4.28) 
for yielding behaviour and 
; ence is achieved. 
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(ii) Convergence criterion. - . .,. 
The method used by the author to check for convergence of the 
nonlinear solution was to simply calculate the norm of the residual 
load vector as the sum of the absolute value of its components and 
require that this value be lower than a tolerance set by the program 
user (e. g. 1% of the applied load). 
(iii) Converged solution obtained 
When convergence has been achieved the stresses and pore pressures 
for the increment are added to the stresses existing before the increment 
of load. These stresses become the initial values for the next increment 
of load. New values of bulk and shear moduli are calculated in 
preparation for the evaluation of the next stiffness matrix if required. 
The moduli may be factored by the program user, especially if unloading 
is about to occur to ensure that the correct elastic response is achieved. 
(iv) Creep behaviour 
At any stage of a load-deformation analysis time-dependent 
behaviour may be introduced. This involves allowing an increment of 
time to elapse, calculating the amount of creep strains as described 
in Section 4.3.2, and converting these strains into equivalent forces 
. using the same routine that was used 
in the case of increments of plastic 
strains (see (i) above)... The equivalent loads are added to the external 
load vector (if one exists) and the solution for the end of the time 
step involves a re-solution. Because creep response under working load 
situations is generally a decay process, progressively larger time steps 
may be used. A modification to Equation (4.21) used by the author is 
to include a lower cut-off for creep strains whereby values of D lower 
than 0.3 do not cause creep flow. 
A flowchart summarising the basic solution algorithm as stated 
above is shown in Figure 4.14. 
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Figure 4.14 Flowchart of the basic solution procedure for 
elasto-plastic and creep analyses by finite elements 
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CHAPTER FIVE 
CONSOLIDATION ANALYSIS BY THE FINITE ELEMENT METHOD 
5.1 INTRODUCTION 
This chapter deals mainly with the theoretical and practical 
details required to set up a finite element equation system for analysis 
of two-dimensional situations. A number of program runs to validate 
this treatment can be found in Chapter 6. 
Saturated clay is a two-phase material consisting of a 
compressible solid phase (the skeleton of soil particles) and a liquid 
phase (the water filling the pores of the soil skeleton). Loaded clay 
strata settle gradually due to the squeezing out of water from the 
pores of the soil and because of viscous (creep) effects of the soil 
skeleton. The former process is known as primary consolidation and 
the latter is sometimes known as secondary consolidation. This chapter 
is concerned with primary consolidation only, creep effects having been 
considered in Chapter 4. It is important for the civil engineer to be 
able to assess the magnitude and progress of consolidation settlements 
and conventional methods for predicting these settlements (Terzaghi, 
1943; Skempton and Bjerrum, 1957, Lambe, 1964) are based upon Terzaghi's 
one-dimensional theory of consolidation. 
The theory of one-dimensional consolidation assumes that the 
strains are small, that the magnitude of settlement is governed only by 
vertical strains generated by an increment of loading and that the total 
stresses remain constant for time independent loading. The last 
assumption implies that the vertical effective stress giving rise to 
vertical strains (via Hookers law) is e5 u aI - to the-excess 
pore pressure already dissipated. The rate of consolidation is governed 
65 
by the dissipation of excess pore pressure as expressed by a parabolic 
differential equation of the beat conduction type, 
In reality, few problems correspond to the assumptions of one- 
dimensional consolidation. However, Terzaghi's theory can be generalized 
to a three-dimensional theory by assuming that the internal volumetric 
components of stress have the same time history of behaviour as the 
applied volumetric stress components (Rendulic, 1936). This interpretation 
has led to the Terzaghi-Rendulic or pseudo three-dimensional theory of 
consolidation. As with one-dimensional theory there exists a lack of 
coupling between the magnitude and progress of settlement and the state 
of total stress in the soil mass is assumed to be governed by the theory 
of elasticity. 
True three-dimensional theory was first formulated by Biot (1935) 
assuming the soil to be a porous linear elastic medium and the flow of 
water to obey Darcy's law. Later modifications to the theory (Biot, 
1941,1955,1956) allowed the fluid to be compressible and recognised 
the fact that the appropriate fluid velocity is taken relative to the 
soil skeleton. This theory provides the coupling between the magnitude 
and progress of settlement which is lacking in the pseudo three-dimensional 
theory. The state of stress at a point in the porous body depends upon 
the excess pore pressure and the mechanical properties of the soil 
skeleton. This gives rise to the Mandel-Cryer effect (Mandel, 1953 and 
Cryer, 1963) which may be manifest as an increase in pore pressure during 
the early stages of consolidation after the boundary loading has betty appliecl 
(see Section 5.7) and which is not shown at all by the pseudo three- 
dimensional theory. With the inclusion of nonlinear soil skeleton 
behaviour such an analysis allows for the interplay between the process 
of yielding and consolidation and provides the means for analysing the 
behaviour of a foundation under any given loading path. 
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Analytical solutions to true three-dimensional consolidation 
problems are difficult-to obtaineven with'highly idealized boundary 
conditions and a homogenous isotropic linear porous elastic soil 
skeleton. While several solutions have been published (e. g. McNamee 
and Gibson, 1960b, Schiffman et al., 1969) the simplifying assumptions 
adopted in formulating the problems often restrict the use of the theory 
in practice. The finite element technique is therefore an attractive 
numerical method to solve problems with arbitrary geometry. The first 
finite element formulation of a two-dimensional consolidation problem, 
of which the author is aware, was that of Sandhu (1968) which appeared 
in the literature'in 1969 (Sandhu and Wilson, 1969). The same formulation 
has been used with great success by Hwang et al. (1971) to study the 
effects of Poisson's ratio and geometric parameters on the pore pressures 
and time rate of consolidation for strip footings. The formulation of 
Sandhu and Wilson is used herein and is described briefly below. For a 
more detailed account the reader is referred to Sandhu (1968) and Sandhu 
and Wilson (1969). 
5.2 GOVERNING FIELD'EQUATIONS 
Neglecting inertia effects, the governing equilibrium equations 
for a saturated two-phase material can be written as: 
oiJ j+ ai]'r, J + pFi =0 (5.1) 
where oil are the components of the symmetric effective stress 
tensor; 
it is the pore fluid pressure; 
p is the mass density of the soil-fluid mixture; 
F1 are the components of the body force vector; and 
Sid is the Kronecker delta. 
The subscripts after a comma denote spatial differentiation and the - 
repeated indices indicate summation. 
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The equations of continuity are obtained using Darcy's law for 
i. rrotationa7. flow and are; 
Kij(nj + p2Fj), i. + üiýi =0 (5,2) 
where Kij are the components of the permeability tensor; 
P2 is the mass density of the (incompressible) pore fluid; 
and ui are the displacements of the soil skeleton. 
The superimposed dot refers to differentiation with respect to time. 
The first two terms in the continuity equation represent the rate of flow. 
of fluid out of the soil. The last term in the equation represents the 
rate of volumetric strain due to the displacements of the soil skeleton. 
The condition of complete saturation of the soil implies that these two 
contributions are equal and opposite. Using an integral form, assuming 
an initially undeformed system, Equation (5.2) can be written as: 
üt {Kij(1r, J + p2Fj)}ýi + ui, i =0 
(5.3) 
The asterisk notation denotes the convolution product such that: 
t 
V*w = V(x, T)w(x, t-T)dT (5.4) 
fo 
where 9'=1; 
x is the position vector; and 
t is time. 
The incremental stresses and strains in the solid phase are 
related by: 
Salj = Dijkl öekl (5.5) 
where Dijkl is the incremental stress-incremental strain matrix; 
and dekl is the incremental strain tensor. - 
Equations (5.1), (5.3) and (5.5) along with; the necessary boundary 
conditions constitute the field equations for linear irrotational flow of 
an incompressible fluid £n. n initially undeformed incrementally linear 
solid, subjected to small deformations and free from body couples, 
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5,3 A VARIATIONAL PRINCIPLE 
Following the work of Sandhu and Wilson (1969) a functional 
can be defined in terms of the displacements and pore pressures as: 
1ý*ui, j - pFi*ui + 1n*ui, i - 
2g'*qi (ýýi + p2Fi)IdV SZt(uýý) 
J 
,2 CIt 
V 
1I 
Ti ; ui Ids -} JIg, , 
Q*Tr I ds (5.6) 
S1 S2 
where qi are the components of the flux vector = Kij(w, i + p2Fj); 
Ti are the prescribed tractions on that part of the surface S1; 
and is the prescribed flow normal to that part of the surface S2. 
It can be shown (Sandhu, 1968) that the field equations will be 
satisfied if the first variation of the functional with respect to, the 
field variables ui and 71 vanishes. 
5.4 APPLICATION OF THE FINITE ELEMENT METHOD 
5.4.1 Discretization in the Spatial Domain 
Before obtaining the matrix equations arising from the variational 
principle the discretization of the field variables will first be shown. 
As mentioned previously, an eight-noded isoparametric quadrilateral 
finite element. is used exclusively. A quadratic variation of pore pressures 
is also used, therefore the shape functions for displacements and pore 
pressures are identical. However, for clarity in the presentation the 
shape functions shall be treated as separate functions for displacements 
and pore pressures. The displacements and pore pressure fields within the 
element. are defined in terms of the nodal point values, hence: 
ui(X, t) _ 
{Nu}T { mu } 
(5.7) 
{N1T}T {mi(t)} (5.8) 
where the superscripts u and i indicate that the shape 
functions refer to displacements and pore pressures, respectively. 
69 
The symbol. 9 x and t in parentheses i, ndicgte the apace And tijne dependency 
of the variables. 
Using similar notation as used in Chapter 3 the volumetric strain- 
displacement relation for plane strain is: 
eX + ey = {Bp}T{mü j) 
uuuu 
where {Bý}T = {3N2 
8N1 
., ý_. 
DNB aN8} 
aX äy aX ay 
The pore pressure gradient vector is: 
1an äx [B -7-T IT {mr} 
Iair 
äy 
where [B, J]T =F 8N1l aN8r 1 
ax "- ax 
aNI7r aN$'T 
ay ay 
The vector 
{mq"} 
where [R] is 
{MP2F} 
of fluid -flux may be-written as: 
_ [R]{B11]T{mlI) + ERj {mP2F) 
the 2x2 permeability matrix; and 
is the vector of fluid body force. 
(5.9) 
(5.10) 
(5.11) 
5.4.2 Linear Elastic Analysis 
Minimization of the functional with respect to the nodal field 
variables yields the following set of matrix equations: 
[Kl. ] {vi (t) }+ 
[C] {n (t) }_ -{M1 }+ {M2 
}+ {T} 
l (5.12) 
[C]T{ui(t)} - gt*[K2]{Tr(t)) = g'*{P13} - g'*{Q} 
where [K1] = [I 
T týj mB dVm 
m=1 V 
m 
(K21 Z ý' B7 
T] 
['RR] [111B, 
11 
T 
dVm ; 
m=1 V 
M 
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M 
[C] 
.= 
{mBA) jT NT)' dVm 
. m=J. 
Vm 
I1 
{M1} =E [mB]T{mO} dVm ; 
m=1 Vm 
1 
M 
{112i} =E {MIVu}{mFi} dVm 
m=1 
j Vm 
M 
{ri3} =E [1B7T1 [m} {MP 2F} dVM ; 
m=1 Vin 
{Ti} =E {mNu}{ju}T{mTi} dSm 
m=l Sim 
{Q} =E {mNIT}{mNTr}T {mQ} dS m 
m1 J S2m 
M is the number of elements; and 
m is the element number. 
Equations (5.12) are the matrix equations governing the consol- 
idation of a porous elastic material under conditions of plane strain. 
The first is the equation of equilibrium. The nodal force vector due 
to the straining of the soil skeleton, [K1]{ui(t)}, and the nodal force 
vector resulting from the pore pressure gradient, [c]{ur(t)}, are equal 
to the initial stress vector, -{Nj), the body force vector, {N2}, and 
the specified boundary traction vector, {T}. The second equation 
represents the continuity condition. The volumetric strain of the soil 
skeleton, ICiT{ui(t)}, equals the fluid inflow due to the pore pressures, 
=g'A[K21{Tr (t)}, the gravity forces, g'*{M3}, and specified boundary flow, 
g'*{Q}. The matrix [C] generates the coupling which is lacking in the 
pseudo three-dimensional theory. 
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5,4,3 Elasto'-Plastic Analysis 
As outlined in detail in Chapter 4 the method of elasto-plastic 
analysis used herein'-incorporates the. use of the initial strain method. 
Incorporating residual load methods into the framework of consolidation 
analyses is relatively simple and requires no extra programming effort. 
Having obtained a solution for displacements and pore pressures over a 
time interval (see next section) the procedure outlined in Chapter 4 
can be used to determine the incremental plastic strains and residual 
loads necessary to correct for departure from the constitutive law. 
The residual loads can be added to the vector of applied -loads, 
{T) in 
Equations (5.12), and the solution over the time interval obtained 
once more. Such iterations can be continued until convergence is 
achieved., 
Incremental approaches to elasto-plastic consolidation problems 
are more difficult to incorporate than residual methods because the 
submatrix [K1] in Equations (5.12) may change between consecutive time 
intervals. Extra programming effort is now required to allow for the 
change in [K1]. There are various ways of incorporating these changes 
and they are dealt with in Section 5.8. 
5.4.4 Discretization in the Time Domain 
The matrix equations (5.12) involve convolution products. To 
obtain a solution for any time t, knowing the value of the field 
variables at any time (t - At), it is necessary to set up the equations 
as functions of t and At. To ensure continuity of the pore pressure 
and displacement fields in the time domain, an interpolation function 
can be used with the end conditions as its generalised coordinates. 
Assuming the first order time derivatives of 7(t) may be approximated 
by a linear variation within each time step the interpolation scheme 
can be stated as: 
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Iv CC)} = {1 
t Net} {1T} (5.13) 
n1 
'r(tn) 
where Nit =1-a 
t N2 =a 
=t- tri-1 
At 
to = to-1 + At; and 
to-1 <t< tn. 
A similar equation can be written for the interpolation of the 
displacements. The convolution product now becomes: 
9 7T (t)) _ {1-a a) 7T(t 
n-1 
(5.14) 
1(t 
n) 
a may take any value from 0 to 1. Values for a of 0, '-z and 1 correspond 
to the finite difference methods of forward difference (Euler), mid 
difference (Crank-Nicolson) and backward difference methods respectively. 
It has been shown (Booker and Small, 1975) that for a linear analysis 
stability can easily be assured by setting a, Z. 
Equations (5.12) may now be rewritten, with the aid of Equation 
(5.14), in a form suitable for incorporating into the finite element 
method as: 
[K1 ]{u 
(tn) 
} 
} [Cl T{u(tn) 
+ a't{M3{tn 
The subscript i has 
+ [C] {, r (tn) }_ -{N1 }+ {M2) + {T} (5.15) 
- aAt[K2]{71 (tn)) = {C]T{u(tn-1)} + At (1-a) [K21 17T (tn-l) 
+ At(1-a){M3(tn_1)} - att{Q(tn)} - 't(1-a){Q(tn-1)} 
been dropped from {iii} for clarity. 
73 
5,5 TITLE STEPPING ALGORITHMS 
Because the consolidation of soil has the nature of a decay 
process some workers (e. g. Hwang at al., 1971, and Thompson, 1976) 
employ a logarithmic time increment time integration sequence. However, 
this can be expensive in computational effort because the time step size, 
At, changes for each time step. Consider the left hand side of Equations 
(5.15) rewritten in the following form: 
) 
[KI] 
1- 
- 
[c] 
U' (t 
-n- (5.16) 1[C)I-atEK2]1 
s(tn) 
It can be seen that for a linear elastic analysis with constant 
permeability and interpolation factor the solutions at successive time 
intervals only require a back-substitution process as long as At remains 
constant. ' A change in At requires the recalculation of the submatrix 
aAt[K2] with the associated reduction. It is possible to write a routine 
which performs the calculation and reduction of this submatrix only, 
for each change of time step (Hwang et al., 1971) but this was not 
attempted because the author intends to investigate the phenomenon of 
nonlinear consolidation where a tangent 
[K1] will be required. Using 
a constant time step size, however, involves many time steps in the 
analysis of a consolidation problem and so the time step size is 
periodically increased. 
The time stepping scheme proposed by Hwang et al. (1971) is: 
Tr (t) _ IT (tn-1) + 
(T(tn) -'T (tn-1) ) ln(1 + T) (5.17) 
ln(1+-ro) 
where T= (t - tn_l)/tn_1; and 
To = L1t/tn-1. 
s 
The change in convolution product over the. time interval becomes: 
[gý*Tr 
(t)]tn-1 = At(1a)7T(tn-1) + QtoTr (tn) (5.18) 
with a=1+1- 
(5.19) 
TO ln(l + T0) 
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Because the interpolation factor, a, is calculated using the elapsed 
time at the start of the time step the submatrix -aut[K2] must be 
recalculated for. -every time step,. Sandhu et al. (1977) consider this 
to be an unnecessarily expensive technique because the solution at each 
time step involves the reduction of the matrix -aLt[K2]. An alternative 
logarithmic time stepping scheme which involves recalculation of the 
matrix -att[K2] only when the size of the time step is changed was 
proposed by Sandhu (1968). Thus, for a given number of equal time steps 
only a back substitution is required to obtain the solution at each step. 
This scheme calculates the interpolation factor in the following manner: 
-1 a=1+ At ln. (1 + At) 
(5.20) 
As time increases Equation (5.19) gives a value of a which approaches 2 
whereas Equation (5.20) gives a value appraoching 1. Both schemes are 
unconditionally stable, i. e. az2. 
The simplest time stepping scheme is where the value of a is held 
constant. Sandhu et al. (1977) investigated the merits of this approach 
using values of Z and 
3. A value of 2 implies a parabolic variation of 
field variables during a time step with zero slope at the end of the 
time step. This scheme has been adopted by the author as test runs have 
shown no great advantage in using the logarithmic schemes and a value of 
a of 2 tends to give oscillatory results in some cases (e. g. when there 
is a large change in time step size). 
All the above mentioned time stepping schemes are two time level 
schemes. Lewis et al., (1976) used a three time level scheme proposed by 
Lees (1966): 
fT (tin) - (1T(tn-1) + 'T (tn) + 1T (tri+l))/3 
du(tn) 
_ (T(tn}1) - 7T(tn-1))/2At 
(5,21) 
where ^ denotes an improved. estimate. 
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However, this scheme needs two sets of initial conditions (and obviously 
requires greater-. storage requirements than a two time level scheme). 
Therefore, the analysis has to start with a two time level scheme and so 
the scheme is not self-starting. Lewis et al. found that they had to 
use a two time level scheme for the first six time steps, to remove 
oscillations, before continuing the analysis with the Lees algorithm. 
Even then the results of the analysis showed that using the three time 
level scheme was unsatisfactory. 
5.6 INITIAL RESPONSE OF THE SYSTEM 
5.6.1 Choice of Initial Solution Vector 
The time stepping algorithms of Section 5.5 all require-the solution 
at some previous time tn_1 to enable a solution to be found at a later 
time tn. The problem arises of what should be used as the initial 
solution vector to obtain the solution after the first time step. There 
are a number of choices. For example: 
i) use a null vector; 
ii) use At =0 and solve the undrained problem; 
iii) as ii) but allowing for the compressibility of the 
pore fluid. 
The author has tried all three methods and some results are shown in 
Figure 5.1 for the boundary value problem described in Figure 6.19. 
Thompson (1976) used method ii) and found it to be satisfactory. 
However, the author has found the method to be unsatisfactory as it gives 
spatial oscillations of excess pore pressures in agreement with the 
findings of, Ghaboussi and Wilson (1973). This result is not surprising 
because the material under consideration behaves as an incompressible 
solid. An apparent improvement on method ii) is to allow for the 
compressibility of the pore fluid (method iii)). This is accomplished 
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by adding contributions to the continuity equation in Equations (5.15) 
which now becomes; 
[ C] T{u (tn) 
}- {ait {K2] + [EI] ('ff (fin) ) 
[ C]T{u(tn_1)1 + [tt(1-a)[K2) - [EI]{7r (tn-1)} 
(5.22) 
+ aAt{P13(tn)} + Lt(1-a){M3(tn-1)} - aAt{Q(tn)I - At(1-a){Q(tn-1)} 
NJ 
where [E] = {NlT}i + 
1-ný{Nýr}T 
dVm 
m=1 Vm 
Kf Ks 
n is the porosity; 
Kf is the bulk modulus of the fluid particles; and 
Ks is the bulk modulus of the soil particles. 
Usually, the soil particles are assumed to be incompressible (Ks = ý) 
but the value of Kf is open to question. Simpson (1973) found that 
numerical difficulties arose due to ill-conditioning of the equations 
if the correct value of 2.2 x 106 kN/m2 was used for the bulk modulus 
of water. He points out that just 1% of undissolved gases would reduce 
this value by a factor of 200, this value giving satisfactory results 
with his finite element package. The author has had similar experience 
and found that a value of K-f/n of the order of 2x 105 kN/m2 gave 
satisfactory results as long as the equations were suitable weighted 
to overcome the problem of ill-conditioning (see Section 5.8.2). 
However, as this figure is arbitrary and resulted in displacements and 
excess pore pressures similar to those obtained using method i) the 
author decided not to include the compressibility of the pore fluid in 
the consolidation finite element formulation used'herein. 
The author has used method i) in all the relevant program 
validations in Chapter 6. The method gives excess pore pressures that 
Z 
oscillate with time initially but which quickly die away (for a=. 3 
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Displacements are little affected by these oscUlAtions (these being 
governed by the much more accurate values at the 2 x2 Gauss points) 
which are a time-boundary effect reflecting the inability of the time 
stepping scheme and spatial interpolation to capture the sudden change 
in excess pore pressures. 
A technique that can be used to greatly reduce the oscillations 
produced by method i) is to obtain the first two solution vectors, 
average them and restart the analysis at their average value of time. 
This has the added advantage of being much cheaper than methods ii) and 
iii) because only one global stiffness matrix need be evaluated and 
reduced. The beneficial effect this technique can give is 'shown in 
Figure 5.2 (dimensionless time parameters are defined in Chapter 6). 
The author has, therefore, used this procedure in all two-dimensional 
nonlinear consolidation runs of the program because it is desirable 
to reduce oscillations of excess pore pressures as much as possible so 
that their effect on the stresses and strains which govern nonlinear 
behaviour are minimised. 
5.6.2 Choice of Initial Time Step Size 
This is an important choice to make because the nature of the 
rest of the numerical solution depends on the initial time step size. 
If it is too large, inaccurate results may follow. One would expect 
that in consolidation analyses the accuracy of the solution would 
increase as the value of the time step size is decreased. Vermeer and 
Verruijt (1981) have proved that this is not the case for one-dimensional 
problems and their conclusions can be extended to two- and three- 
dimensional problems on intuitive grounds. They derive an equation for 
the minimum size of initial time step below which spatial oscillations 
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in pore pressures can be expected, For elements with a quadratic 
variation of pore pressures this equation can be stated as:.. 
I (Ah)2 
Atmin 10 acv 
(5.23) 
where Ah is the distance: between nodes next to the 
draining boundary; 
a is the interpolation factor; and 
cv is the coefficient of consolidation. 
A physical explanation of the fact that a minimum time step size 
does exist may be that only when consolidation has progressed deep 
enough into the medium to affect the pore pressures in the first row of 
nodes in the interior of the medium can a reasonable approximation of 
the pore pressure variation by nodal values be made. At earlier times 
errors in the form of spatial oscillations are likely to occur. 
Equation (5.23) is not a hard and fast rule for two-dimensional problems 
where the mesh is graded. A rough guide to the minimum time step size 
to be used for such problems can be obtained by making it approximately 
equal to the consolidation time of the elements near the draining 
boundary. 
An example of the effect the size of the initial time step has for 
a one-dimensional consolidation problem is shown in Figure 5.3 to support 
the claims made above. 
5.7 THE MANDEL-CRYER EFFECT 
This effect iss evidenced by an increase in the excess pore pressures 
at early times of consolidation over the initial excess pore pressures 
and is named after Mandel (1953) and Cryer (1963) who first observed the 
phenomenon in theoretical solutions, Coupled three-dimensional 
consolidation theory predicts the Mandel-Cryer effect 'whereas the pseudo 
theory does not. 
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The Mandel-Cryei effect can best be explained with reference to 
the idealized , case- of a porous, elastic sphere with an. imposed all-round 
load and drained at the surface. After the load application the 
material near-the-surface of the sphere drains first causing compressive 
volumetric strains and effective stress increments. The interior 
material will not have undergone any consolidation and so to achieve 
strain compatibility, there is a stress transfer which increases the 
total stress inside the sphere which in turn increases the pressure. 
This assumes that the material can sustain tensile tangential effective 
stresses. Pseudo three-dimensional consolidation theory will not 
predict this behaviour because the change in total stress is not 
included in the diffusion equation and total stress equilibrium is not 
considered. 
In two-dimensional consolidation situations the excess pore 
pressures may rise at points below the draining surface after the 
application of the load for two reasons. One reason is the Mandel- 
Cryer effect. This effect is manifested because the material near the 
draining surface drains quickly compared to material some distance away 
from the draining surface. The transmission of shear strains is the 
main factor that causes the total stress to increase at points below 
the draining surface, as some regions consolidate faster than others. 
As before, this increase in total stress generates excess pore pressures. 
The second reason for an excess pore pressure rise is simply the existing 
excess pore pressure gradients due to the application of boundary loads. 
The initial excess pore pressure distribution (before drainage occurs) 
below the centre of, say, a strip load will show decreasing excess pore 
pressures with increasing depth. Thus the excess pore pressure gradients 
will cause flow downwards at early times everywhere except near the 
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surface where a drainage condition is subsequently imposed that produces 
pore pressure gradients which cause upward flow of pore fluid. The 
coupled and pseudo three-dimensional consolidation theories will predict 
this behaviour. 
Experimental evidence of the Mandel-Cryer effect has been 
investigated by Gibson, Knight and Taylor (1963) and Verruijt (1965) 
who carried out experiments using clay spheres with pore pressure 
measurement at the centre. These experiments give support to the 
existence of the Mandel-Cryer effect. However, observations in the 
field are sparse and the author is not surprised by this fact. 
Schiffman et al. (1969) predict a rise-of approximately 20% above the 
initial excess pore pressures at position y/a = 2, x/a =0 below the 
surface for an elastic material with a value of Poisson's ratio, v, 
of zero (see Figure 6.22 ). This value of v is the worst possible case. 
(Cryer (1963) predicts a rise of nearly 60% for v=0 and only 20% for 
V=3 for the case of the sphere). A more common value for soil 
(e. g. v=0.3) would have much less effect on the excess pore pressure 
rise. The behaviour of two materials having the same value of Young's 
modulus but with values of Poisson's ratio of zero and 0.3 are shown 
in'Figure 5.4. For the cases shown where v=0.3 very little rise in 
excess pore water pressures is predicted and for position y/a = 0.5, 
x/a = O. the excess pore water pressure drops appreciably before 
subsequently rising. This rise would be difficult to measure in situ 
due to such factors as experimental error and also because loading in 
the field is more akin to a ramp loading rather than instantaneous loading. 
5.8 SPECIAL PROGR IMING TECHNIQUES 
5.8.1 Methods 'of Incremental" Analysis 
A nonlinear analysis using a tangential stiffness matrix must be 
performed incrementally. Such an analysis necessitates changes to be 
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made to the matrix equations-in Equations (5i), Assuming no initial 
stresses, prescribed flows, body forces or gravity forces, Equations 
(5.15) can be written-as: 
[K11-ý_ 
_ 
[C] 
u(t) {T) (5.24) 
---n------ jCiT aQt [K21 Tr (tn) 
[C] {u (tn-1) 
}+ At (1-(x) [K21 {7T (tn-1) } 
For the solution of pore pressures and incremental displacements for each 
time step Equations (5.24) can be amended to give: 
[K1] 
(t )I 
[c] 
n 
6u(tn {T'} (5.25) [1C1T 
-_[]C} 
tn) Tr(tn) At(1-cc) 
[K2J 
(tn){Tr(tn-1)} 
where {Suit ý} are the 
incremental displacements between times 
n 
to-1 and tn; 
{T'} {T} 
ýý{K1](tn-1){SU(tn-1)} 
{6u(tn_1) } are the incremental displacements at time tn_1; and 
implies summation-over all the time increments. 
It can be seen from Equations (5.25) that the product [C]T{u(tn_1)} 
need no longer be evaluated. However, a new vector, {T`}, must be 
obtained in one of two ways as shown. The latter approach (avoiding the 
summation) is the more logical choice and the element contributions can 
be summed to form the global vector. 
Equations (5.25) show that the 'flow' submatrix (containing the 
permeability terms) may have a time dependency. During consolidation 
the permeability may decrease gradually due to ever decreasing voids 
\ý 
ý,,. 
,ý. 
ratios. As experimental data is rather scant on this topic, especially 
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in two-dimensional situations, the author has decided not to investigate 
this phenomenon but'has included it in Equations (5,25) for completeness. 
Equations (5.25) can be, rewritten so that incremental pore. .: 
pressures as well as incremental displacements can be obtained and in 
this case the equations are amended as follows (with similar notation): 
[K1 
(tom LCJ- SU(t {0} 
(5.26) rCJ T1 
-abt [K2] (tn) d71(tn) At 
(K21 
(tn) {n (tn_1) } 
where {0) is a null vector. 
The author has used this technique in preference to the aforementioned 
techniques because it requires the least computational effort. 
A further reduction in computational effort is achieved if the 
permeability of the material is assumed to be constant. The value of 
Lt[K2]{T(tn-1)} can be obtained from {K2]{7T(tn-1)} which in turn can 
be accumulated from the incremental contributions of 4t(l-a)[K2] {6T } (tn-1) 
divided by 1t(l-a). Hence the author's technique of incremental 
analysis requires no extra matrix operations, only the factoring of 
vectors that have already been evaluated, so long-as a constant value 
of permeability is assumed. 
The author used the technique outlined in Equations (5.26) such 
that &i , (n) and STr (tn) correspond to the increments in the values of 
displacements and pore pressures, respectively, since the stiffness 
matrix was last recalculated (and not for each time step as Equations 
(5.26) show). This was done so that the effect of individual load 
increments (which are usually accompanied by an updating of the stiffness 
matrix) could be more easily identified. 
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5,8,2 The Avoidance of 111-Conditioning 
If the soil is very stiff and its permegbiiity low (e. g. as for 
clays) then there may be a large-difference-in magnitude of the terms 
in the [K1] submatrix relative to the -a1t[K2] submatrix. The ratio 
of the highest to lowest terms on the leading diagonal, therefore, may 
be of several orders of magnitude. This can lead to ill-conditioning 
of the finite element equations and errors due to round-off when the 
equations are solved using a Gaussian elimination type of solution. 
An attempt to restore the imbalance in the relative size of terms 
in the overall stiffness matrix can be made by adopting a simple 
weighting procedure (Norris, " 1980). Rewriting Equations (5'. 15) in an 
abbreviated form and applying the weighting procedure gives: 
e 
w 
[K1] [C] 1w u_T 
---------- 
(5.27) 
[c] T 
w(-a t [K21 ) 7r wq 
where w is the weighting factor. 
A simple check shows that the solution for the field variables remains- 
unchanged by this procedure. The value of the weighting factor can be 
calculated as follows: 
I 1av( highest element stiffness term112 
wl owest element stiffness term ) (5.28) 
K+7/3G 2 
av( aot(kx 
+ ky )/Yw + X2S) (5.29) 
where K, G are the bulk and shear moduli, respectively; 
a is the interpolation factör; 
At is the time step size; 
kX , ky are the permeabLlities; 
yw is the unit weight of water; 
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X is a measure of element Size (maximum dýffezence 
in nodal coordinates in the x- and y-directions); 
S is the compressibility of the fluid particles - 
(S =0 implies incompressibility); and 
av implies averaging over all the elements. 
The author has used this procedure with great success and has 
found that the actual value of w is not crucial (as one would expect). 
A value of w rounded up or down to an integer power of ten has been 
found to be satisfactory. The necessary computer coding is trivial 
and the products [C]T{u(tn-1)} and Lt(1-a){K2J{n(tn-1)} are automatically 
multiplied by the weighting factor by virtue of the weighted terms on the 
left hand, side of Equations(5.27). Extra coding is necessary. to cater for 
the case when the value of the weighting factor is changed and again this 
is trivial. The value of w may change because as the time step size 
increases the ratio of highest to lowest terms on the leading diagonal 
decreases. 
As an example of. the problem of ill-conditioning of the finite 
element equations, consider the case of one-dimensional linear 
consolidation with the finite element mesh shown in Figure 6.15. The 
analysis involves the first five equal time steps only using unweighted 
and weighted equations. Some of the results are summarised-in Figure 5.5 
where the excess pore pressures shown are those obtained at the nodes 
along the sides of the finite element mesh. The large errors in pore 
pressures resulting from the unweighted equations analysis are immediately 
apparent. The sharp change in pore pressures at depth Y/H. = 1/7 
coincides with a change in element size, Oscillations of pore pressures 
occurred across the elements, being more severe near the draining 
boundary, but no oscillations were observed in displacements, The values 
of excess pore pressure at the 2x2 Gauss points were much more 
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accurate for both analyses, For the element with its centroid at 
Y/H = 0.1 the weighted equations analysis gave virtually exact results 
at the 2x2 Gauss points for t= 10 days whereas the unweighted 
equations analysis gave errors of the order of 1%. 
The weighted equations analysis showed a marked improvement in 
the prediction of both settlements and pore pressures over the unweighted 
equations analysis, showing no oscillations. Exact results are not to 
be expected at such early times of consolidation due to the discontinuity 
in the time domain at the beginning of the analysis. Both analyses were 
carried out using fourteen decimal place accuracy and the time step size 
did not violate the minimum size criterion (see Section 5.6.2) which 
had a value of two days. 
5.9 CHOICE OF PORE PRESSURE INTERPOLATION 
For the analysis of consolidation problems the author has used an 
eight-noded isoparametric finite element whose shape functions are 
quadratic for coordinates, displacements and pore pressures. Work carried 
out by Sandhu et al. (1977) showed that for one-dimensional consolidation 
isoparametric elements with a quadratic pore pressure variation gave 
better estimates of settlements at early times than did elements with 
a linear pore pressure variation, but that at later times the differences 
were insignificant. The work also showed that elements with a quadratic 
pore pressure variation gave errors in pore pressures that did not 
dissipate with time and were oscillatory in space. However, the analysis 
which led to this finding violated the minimum time step size criterion 
of Vermeer and Verruijt (1981) outlined in Section'5.6.2 thus invalidating 
their conclusion, 
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Because a finite element with a quadratic variation of 
displacements implies that a linear variation of stresses across the 
element exists, some researchers consider that using a linear excess 
pore pressure variation is a more consistent approach than using a 
quadratic variation. Despite this the author has found that, from 
simple tests, quadrilateral isoparametric elements with a quadratic 
excess pore pressure variation are superior to those with a linear 
excess pore pressure variation in terms of accuracy of solution. 
To illustrate this point. two examples of the use of elements 
with a linear excess pore pressure variation are shown in Figure 5.6 
which used the finite element mesh shown. in Figure 6.19. The values 
of the minimum initial time step size (Vermeer and Verruijt, 1981) 
in non-dimensional terms were 0.01 and 0.0016 assuming linear and 
quadratic excess pore pressure variations within the elements, 
respectively. One analysis shown in the figure violated the minimum 
time step size criterion using a non-dimensional initial time step 
size, Lri, of 0.001. These results when compared to the analytical 
solution (Schiffman et al., 1969) are greatly in error for the first 
dozen or so time steps. Smith and Hobbs (1976) obtained similar results 
which are reproduced in Figure 5.7 for comparison. The same initial 
time step size was used in Figure 6.21 where a quadratic variation of 
excess pore pressures was used (with-the same finite element mesh) and 
shows results of superior accuracy even though the initial time step 
size criterion was violated (i. e. 0.001 < 0.0016). The analysis using a 
linear excess pore pressure variation in space was repeated using a 
non-dimensional initial time step size of 0.01 (hence satisfying the 
initial time step size criterion) so that a fairer comparison could be 
made between the two types of excess pore pressure interpolation and 
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the results are also shown in Figure 516, From a value of dimensionless 
time of 0,03 onwards the two analyses shown in the figure give similar 
results and these are much less accurate at early times than those 
given by elements with a quadratic excess pore pressure variation. The 
author therefore chose to use elements with a quadratic variation of 
excess pore pressures because of the improved accuracy such an element 
achieves. 
Because the type of finite element used has a constant number of 
degrees of freedom per node the overall stiffness matrix is arranged 
such that the equations pertaining to the degrees of freedom of each 
node are kept together and not separated as, for example, Equations 
(5.24) imply. This results in a straightforward assembly process and 
all statements previously made referrring to the equations in 
partitioned form (e. g. weighting of the equations) remain unaffected. 
A flowchart showing the basic procedure for finite element 
consolidation analyses with a linear elastic soil skeleton is shown in 
Figure 5.8. 
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I START 
Obtain initial conditions 
Specify a set of loads 
Specify the time step size 
Calculate overall stiffness 
matrix and reduce it 
YES 
Is there 
a change in time 
h, step size? 
Calculate 'flow' contributions 
to the external load vector 
(see Equation (5.15)) 
Solve for displacements and 
excess pore pressures 
Output results for the 
time step 
/ Are there 
any more time 
steps? 
No 
STOP 
Increment external loads if 
necessary (e. g. ramp loading) 
Figure 5.8 Flowchart of the basic solution procedure for 
linear consolidation analysis by finite elements 
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CHAPTER SIX 
TESTING OF ELASTO-PLASTIC. CREEP AND CONSOLIDATION PROGRAMS 
6.1 INTRODUCTION 
This chapter contains the results of comparisons that have been 
carried out to test the validity of the elasto-plastic, creep and 
consolidation programs used in this study. It was considered unnecessary 
to show comparisons with linear elastic solutions (except in the case of 
consolidation problems) because the eight-noded isoparametric quadrilateral 
finite element is commonly accepted as being a reliable element. 
Analytical solutions to two-dimensional elasto-plastic problems 
with a strain hardening material are difficult to find and so it was 
considered adequate to compare results obtained from the author's program 
with results obtained from an established finite element package. The 
author's program has also been used to determine the effect that the 
thickness of a clay layer supporting a flexible strip load has on the 
settlements obtained (including creep settlements) and also whether the 
layer thickness has any effect on the nonlinear solution algorithm. 
The author is unaware of any analytical solutions to problems 
involving creep deformations under plane strain conditions and so the 
results shown can only be taken as an indication of what one might expect 
to happen in such situations. 
Analytical solutions to the problems of consolidation with a linear 
elastic soil skeleton assuming that the flow of fluid obeys Darcy's law 
in one and two dimensions exist (Terzaghi, 1943 and Schiffman et al., 
1969) and have been used for comparative purposes herein. By making 
certain assumptions Davis and Raymond (1965) developed an analytical 
solution for the case of one-dimensional consolidation with a nonlinear 
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soil skeleton and this has been used by the author for comparative 
purposes. 
The author has taken the opportunity in this chapter to assess 
at what stage the nonlinear solution algorithm fails due to numerical 
difficulties before the theoretical collapse load is reached for a strip 
footing on a semi-infinite layer (cf. Chapter 3). Also sensitivity 
analyses have been carried out to assess the significance of the value of 
the author's parameter-defining the location of the centre of the yield 
surface ellipse, L, as well as the significance of some of the creep 
parameters. 
Lastly, a nonlinear consolidation and a combined nonlinear 
consolidation and creep analysis have been carried out in an attempt to 
assess the relevant importance of each phenomenon during the whole 
settlement process for a pervious, flexible strip footing supported by 
a semi-infinite mass of clay. 
6.2 TIME-INDEPENDENT BEHAVIOUR 
6.2.1 Comparison with an Established Program 
The established finite element package used to test the author's 
program was I. C. F. E. P. (an acronym for Imperial College soil mechanics 
Finite Element Program), developedTby Dr. D. Potts of Imperial College, 
London. For the comparison, a strip load acting on a semi-infinite 
layer of a hypothetical clay modelled using 'modified' Cam clay was 
analysed. The finite element mesh and boundary conditions are shown in 
Figure 6.1. The clay was assumed to be isotropically normally consolidated 
(Ko = 1, OCR = 1) with initial effective stresses of -300 kN/m2 in the 
horizontal and vertical directions. The material parameters used are 
shown in Table 6.1. Twenty increments of load of intensity 10 kN/m2 were 
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applied to the flexible strip footing under fully drained conditions 
and the resulting displacements at four positions (see Figure 6.1) are 
shown in Figure 6.2 for both programs. 
The nonlinear solution algorithm used by I. C. F. E. P. is the 
'initial stress' method described in Chapter 3. The author's program 
uses the 'initial strain' method and so an exact agreement is not to be 
expected since any nonlinear solution is dependent on the algorithm used. 
The maximum loading pressure was 200 kN/m2 which resulted in a 
centreline vertical displacement of the strip of over 1 in. The agreement 
between both solutions shown in Figure 6.2 is seen to be very good at all 
four positions beneath the strip load. The largest deviation in vertical 
displacements between the two solutions is of the order of 7%. This was 
considered acceptable for most practical purposes in the field of soil 
mechanics and so the author's program has been subsequently used in other 
situations. 
Neither program showed the soil failing in the sense of some 
regions of soil reaching a 'critical state' condition and this seems to 
be a feature of this type of loading situation under fully drained 
conditions. The strip has failed, of course, in a practical sense in 
that serviceability requirements would not allow displacements of the 
order of 1 in. 
Comparison of one computer program with another is not an ideal 
test to perform for validation purposes because it is difficult to 
ascertain which, if indeed either, is the 'correct' solution. Such a 
comparison is, nevertheless, very helpful because the soil properties, 
initial conditions, boundary conditions and loading can be specified. 
With field comparisons these quantities may have to be estimated and 
approximated and so it may be difficult to ensure that the computer 
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analysis is analysing the correct problem. A field comparison using 
the author's program is reported in Chapter 7. 
6.2.2 Undrained Behaviour 
Undrained problems of soil mechanics are an important class of 
problems because it is with these that failure and collapse are generally 
associated. Limit theorems of plasticity can be used to obtain bounds 
of collapse loads which can be used to check. the accuracy of finite 
element solutions. The 'initial strain' algorithm cannot, however, be 
used to predict collapse loads but it is worthwhile to establish how near 
to the theoretical collapse load such a solution can approach before 
instability due to very large initial strains prohibits the-convergence 
of the solution. 
The method of undrained analysis is as outlined by Naylor (1974) 
whereby the bulk stiffness of the pore fluid is taken into account in 
the stiffness matrix by adding a contribution to the jD]-matrix so that 
it now becomes: 
[D] = K+ 3 K- 
30110 
K-22 K+ 30 +Ka 110 
(6.1) 
00G000 
Ka is the apparent bulk modulus of compressibility defined as: 
where 
I 
__ 
n1-n (6.2) Ka Kf Ks 
Kf is the bulk modulus of the fluid particles; 
Ks is the bulk modulus of the soil particles; and 
n is the porosity. 
N 
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The unaugmented [D]-matrix (as given by Equation (3.3)) is used to 
determine the effective stress increments from the values of the increments 
of displacements. The value of the corresponding increment of pore 
pressure, Sr, can be calculated from: 
6 7T = Ka6cv (6.3) 
where Sev is the value of the increment of volumetric strain. 
The problem of the flexible strip load analysed in the previous 
section has been re-analysed assuming undrained conditions (with Ka = 
2x 106 kN/m2) and a variety of values of overconsolidation ratios. 
The theoretical collapse load is approximately 350 kN/m2 (=5.14 cu) and 
the results of the analyses are shown in Figure 6.3. The initial slopes 
of the load-deflection curves in the figure are different because the 
tangential bulk and shear moduli are stress-dependent and each analysis 
has different values of initial stresses corresponding to the value of 
overconsolidation ratio (OCR) and a pre-consolidation pressure of -300 
kN/m2. The analyses having OCRs of 1 and 1.2 show the 'initial strain' 
algorithm failing to find a solution at approximately 70% of the 
theoretical collapse load whereas the analysis with an OCR of 2 achieved 
a load which was 83% of the theoretical collapse load. The reason for 
this behaviour can best be explained with reference to Figure 6.4. As 
shown in the figure, the effective stress paths rise vertically until they 
intersect the yield surface. For a normally consolidated material 
(OCR = 1) the stress path meets the yield surface (thus implying elasto- 
plastic behaviour) at the start of loading and follows it until the 
'initial strain' algorithm becomes unstable. The stress path shown for 
OCR = 1.2 implies incrementally linear behaviour until it meets the yield 
surface which it then follows as before (for OCR = 1) until instability 
of the solution algorithm occurs. The stress path for OCR =2 remains 
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inside the yield surface for a greater range of load than for the other 
stress paths and reaches the yield surface at the point of 'critical 
states'. This stress path, therefore, implies incrementally linear 
behaviour up until collapse. The stress paths in Figure 6.4 are nominal 
ones only. In practice the solution will become unstable (for OCR = 2) 
before the theoretical collapse load is reached, as shown in Figure 6.3. 
Because the 'initial strain' method can be used in undrained 
analyses where the applied loads approach approximately 70% of the 
theoretical collapse load the author feels justified in using this method 
to predict displacements in similar situations under working loads. 
6.2.3 Effect of Thickness of Soil Layer 
As stated in Chapter 3 the 'initial strain' method is better 
suited to'the analysis of 'locking' materials than the 'initial stress' 
method. 'Locking' behaviour is shown in one-dimensional analyses such 
as the oedometer consolidation test. In two-dimensional situations, as 
the depth of soil layer supporting, say, a strip load or embankment 
decreases, the approximation by one-dimensional behaviour improves 
(indeed, one-dimensional conditions are usually assumed to exist when 
a civil engineer estimates consolidation settlements). For this reason 
one might expect the 'initial strain' method to cope better when analysing 
shallow layers rather than deep ones, resulting in higher rates of 
convergence. For. a flexible strip load of width 2a supported by soil 
layers of depth 3a and 6a (referred to as 'shallow' and 'deep' layers, 
respectively) this aspect of analysis was investigated (assuming fully 
drained conditions and normally consolidated soil); using the material 
parameters of both San Francisco Bay Mud and Keuper Marl (see Table 6.1). 
The finite element meshes and boundary conditions are shown in Figure 6.5. 
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The resulting centreline displacements for the layers consisting 
of San Francisco Bay Mud are shown in Figure 6.6. Both analyses show a 
curved load versus displacement curve in the initial stages which then 
tends to straighten. The layer thickness had little or no effect on 
the solution algorithm as can be seen from the fact that the number of 
iterations required for convergence for each increment of load are 
generally equal. Figure 6.7 shows the load versus displacement relation- 
ship for the soil layers consisting of Keuper Marl: Smaller load 
increments were applied in this case because Keuper Marl has a higher 
degree of nonlinearity than San Francisco Bay Mud. The layer thickness 
has, again, little effect on the solution algorithm, there being 
marginally less iterations required for convergence for the deep layer 
analysis., 
A comparison of the degree of nonlinear behaviour of both materials 
is shown in Figure 6.8 where, for-the deep layer, the load versus 
displacement plots are drawn along with the purely elastic response using 
the initial tangential moduli. The departure from the linear solution 
is far greater for the case of Keuper Marl where displacements are 
increased by about 160% compared with the linear values (at a loading 
pressure of 100 kN/m2). This increase is only 18% for the case of San 
Francisco Bay Mud. The difference in the degree of nonlinear behaviour 
is partly attributable to, the values of A and k for each material but 
also due to the difference in the values of the author's parameter, L 
(see Figure 4.10). This aspect is investigated in Section 6.2.4. 
6.2.4 Sensitivity to the Parameter L 
The author's parameter, L, governs the relative positions, along 
the p' axis, of the intersection of the normal consolidation line and 
critical state line with an elastic wall (see Figure 4.7). Its value may 
be determined from a series of undrained triaxial tests with pore pressure 
measurement or, alternatively, it may be determined from the soil's material 
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parameters as stated in Equation (4.6). Because errors may occur in 
the determination of the soil parameters it is instructive to carry out 
a sensitivity analysis on the value of L to ascertain what effect such 
errors may have on an analysis. Also, a sensitivity analysis will 
highlight the consequences of assuming L=0.5 as required by the 'modified' 
Cam clay soil model. 
Such an analysis was carried out whereby the shallow layer problem 
(depth = 3a) of the previous section was analysed using the material 
parameters for San Francisco Bay Mud and varying the value of L from 0.3 
to 0.6 in steps of 0.1. 
The locus of the yield surface ellipse corresponding to each value 
of L used is shown in Figure 6.9. The 'flattest' ellipse in the figure 
corresponds to the lowest value of L and has the lowest failure stress 
associated with the 'critical state' thus resulting in the lowest 
predicted collapse load for undrained conditions. One would expect the 
flattest ellipse to show the largest displacements because the associated 
flow rule predicts a larger proportion of plastic shear strain than any 
of the other yield surfaces shown for the same deviatoric stress level. 
This is because the outward normals to the yield surfaces at these points 
are steepest for the flattest ellipse (see Figure 6.9). This kind of 
behaviour is borne out in Figure 6.10(a) where the soil model using a 
value of L of 0.3 predicts almost twice the vertical centreline displace- 
ment than that predicted using a value of 0.5. Figure 6.10(b) and (c) 
show the horizontal displacements at the edge of the strip load and at 
a point below the edge (see Figure 6.5(a)). It can easily be seen that 
there is a diversity of behaviour in the values of the horizontal 
displacements for different values of the parameter L. 
PC' 
Figure 6.9 Yield surface loci for various values 
of the author's parameter L 
Loading 
pressure 
(kN/m2) 
L=0.3 L=0.4 L. = 0.5 L=0.6 
10 1 1 1 1 
20 2 1 1 "1 
30 3 2 1 1 
40 4 2 1 1 
50 6 '3 2 1 
60 7 3 2 2 
70 5,5* 3 2 1 
80 5,6 4 2 1 
90 7,7 4 2 2 
100 7,9 4 5 2 
Two equal increments of 5 kN/m2 were applied 
Table 6.2 Number of iterations for convergence 
within each load increment. 
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Figure 6.10 shows that as the value of L decreases the degree 
of nonlinearity increases and this has also been reasoned above. To give 
an indication of the amount of computational effort required for each 
analysis the number of iterations required for convergence of the solution 
within each increment of load are shown in Table 6.2. In some instances 
(shown in the table) it was necessary to halve the load increment size. 
The values of L for the two materials considered in this chapter 
are 0.324 and 0.485 and the 'modified' Cam clay model tacitly assumes a 
value of 0.5 (see Figure 4.10). This degree of variation greatly affects 
the load-displacement behaviour of a flexible strip load as can be 
inferred from Figure 6.10. The author is of the opinion that the parameter 
L is an important material parameter for inclusion in soil models because 
its value-, greatly influences values of predicted displacements and 
collapse loads and its inclusion does not over-complicate the soil model. 
6.3 TIME-DEPENDENT CREEP BEHAVIOUR 
6.3.1 Creep Deformation of a Strip Load on a Finite Layer of Soil 
To show the kind of behaviour one is likely to expect from Singh 
and Mitchell's (1968) creep model it has been applied to the analyses of 
a strip load of width 2a underlain by a clay layer of thickness 3a and 
6a (Figure 6.5). The two materials used in the study were San Francisco 
Bay Mud and Keuper Marl (the material parameters of which are stated in 
Table 6.1) and creep deformations under different load intensities are 
investigated. 
The start of the analysis was taken at 7 days after the application 
of the loads. The time stepping sequence began with. a time increment of 
1 day and subsequent time step sizes were ever-increasing and had a value 
of 1.5 times the previous value. 
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Figures 6.11 and 6.12 show the creep behaviour for both depths 
of layer for San Francisco Bay Mud and Keuper Marl, respectively, at 
various loading pressures. At a loading pressure of 50 kN/m2 the amount 
of predicted centreline creep displacement for each material is similar. 
As the loading increases, however, the creep displacements of San 
Francisco Bay Mud increase more than those of Keuper Marl. In the case 
of Keuper Marl doubling the loading pressure from 50 to 100 kN/m2 has the 
effect of increasing the centreline creep displacements at 2960 days by a 
factor of approximately 1.3 and 1.5 for the deep and shallow layers, 
respectively. For San Francisco Bay Mud the same loading increase causes 
increases in the creep displacements at 2960 days by a factor of 1.4 and 
2.0 for the deep and shallow layers, respectively. In doubling the 
loading pressure from 100 to 200 kN/m2 these factors become 2.3 and 2.4. 
The above analyses show that San Francisco Bay Mud is more prone 
to creep than Keuper Marl and this could have been deduced from an 
inspection of their creep parameters. However, at low stress intensities 
the amount of creep for each material is shown to be similar. This is in 
part due to the fact that although the loading is identical Keuper Marl 
has a lower undrained failure stress due to its lower value of the 
author's parameter, L. This would imply that the ratio, D (see Equation 
(4.21)), would be higher for Keuper Marl than it would be for San Francisco 
Bay Mud, resulting in enhänced creep strain rates for Keuper Marl. 
6.3.2 Sensitivity Analyses on the Creep Parameters 
When using any model of soil behaviour it is worthwhile considering 
what effect small changes in the values of the material parameters will 
have on an analysis so that material. testing yields values of material 
parameters to the desired accuracy. Using the parameters for San Francisco 
Bay Mud such a sensitivity analysis has been carried out on the creep - 
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parameters a and m (see Equation (4.21)) for the strip load on a deep 
layer problem at a loading pressure of 200 kN/m2. 
Figure 6.13 shows the effect of varying the parameter a. Values 
of a have been taken at 10 and 20% above and below the actual value for 
the material. An increase of 10 and 20% causes an increase in centreline 
creep displacements at 2960 days of 25 and 54%, respectively. A decrease 
of 10 and 20% causes a decrease in centreline creep displacements at the 
same time of 21 and 39%, respectively. Increasing a, therefore, has a 
greater effect on creep displacements than decreasing a. This may also 
be explained with reference to the equation of creep strain rate 
(Equation (4.21)). Because a appears in the equation as an exponent, 
increasing the value by any amount will have more effect than decreasing 
it. This, partly explains why San Francisco Bay Mud is more prone to creep 
than Keuper Marl which have values of a of 5.40 and 1.13, respectively. 
Figure 6.14 shows the effect of varying the parameter m. Again, 
values of the parameter have been taken at 10 and 20% above and below the 
actual value for the material. An increase of 10 and 20% causes a 
decrease in centreline creep displacements of 28 and 48%, respectively. 
A decrease of 10 and 20% causes an increase in centreline creep 
displacements of 38 and 90%, respectively. Thus decreasing the value of 
m has a greater influence on creep displacements than a similar increase 
and this may be explained by the fact that m appears in the creep strain 
rate equation as an exponent to the reciprocal of time. Figure 6.14 also 
shows that creep rupture is associated with low values of in. 
The above sensitivity analyses show that the creep parameters a 
and m must be carefully determined because the prediction of creep 
displacements is sensitive to small changes in their values. 
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6.4 CONSOLIDATION, . ..,: ,.. 
Before going toi-the details. of'. the tests carried - out"-on ithe 
author's consolidation program for the purpose of validation it is 
necessary to first define some of the terms that are commonly used in 
order that results may be expressed in a dimensionless form. 
For one-dimensional situations the coefficient of volume change 
or the coefficient of compressibility, mv, is defined as the volume 
change per unit volume per unit increase in effective stress. For 
nonlinear applications my is not constant but depends on the stress range 
over which it is calculated. For linear applications its value may be 
calculated from: 
1 
m" _ (K +3) 
(6.4) 
The coefficient of consolidation, cv, is calculated as: 
cv =k (6.5) m, YW 
where k is the permeability; and 
yw is the unit weight of water. 
The units of cv are length2/time and is useful in defining a dimensionless 
time. factor, Tv, such that: 
cw t 
Tý = H2 
(6.6) 
where t is the time; and 
H is the length of the shortest drainage path. 
The progress of consolidation can be shown by plotting a series of 
isochrones (curves of pore pressure with depth) for different values of 
time. The average degree of consolidation, U, is calculated by dividing 
the area under the isochrone at the time of interest by the area under 
the initial isochrone and when multiplied by the final settlement gives 
the consolidation settlement. 
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For two-dimensional. consolidation analyses Christian (1977) 
defines a coefficient of consolidation which. may. be calculated as: 
c= Yw 
(K 3) (6.7_) 
From this coefficient a corresponding dimensionless time. factor can be 
defined as: 
T_ ct 
2 
a 
(6.8) 
where a is a reference length (e. g. semi-width of a 
strip load). 
Schiffman et al. (1969) defined an 'adjusted coefficient of consolidation' 
as : 
c=k 
2G (6.9) 
Yw 
and the associated 'adjusted time factor', T, as: 
T=c2 (6.10) 
a 
For a strip load underlain by a finite consolidating layer the average 
degree of consolidation, U, may be calculated from the surface centreline 
settlement, d, as: 
U(t) = 
l(t) S(o) 
S (co) -l (o) 
(6.11) 
When presenting results of two-dimensional problems the author 
has used the parameter c (Equation (6.7.. )) to define the coefficient of 
consolidation except when comparisons are made to the analytical solutions 
of Schiffman et al. (1969) and Gibson et al. (1970) when the parameter,. 
c, is used. 
In all of the program test runs looking at consolidation behaviour 
the loads were applied instantaneously (except in Section 6.5 where a 
ramp-loading. was applied) and the interpolation factor, a, for the time 
stepping schemes had a value of 2/3. 
123 
6.4.1 One-Dimensional Linear Consolidation 
. -' 
To test the author's program an: analysis was performed whereby 
an increment of load was applied to the free draining surface of a clay 
layer and the settlements and excess pore pressures were calculated with 
the progress of time until all the excess pore pressures had dissipated. 
The finite element mesh and boundary conditions are shown in Figure 6.15. 
The following properties were used: 
K= 619.1 kN/m2; 
G= 285.7 kN/m2; 
ky = 4.807 x 10-6 m/day; 
resulting in the following consolidation parameters: 
mv = 10-3 
m /kN; 
cv = 4.9 x 10-4 m2/day; 
Atmin = 3.06 days (Equation (5.23)). 
A loading pressure, f, of 100 kN/m2 was imposed at the surface which 
resulted in a final settlement of 0.700 in. The time stepping sequence 
was as follows: 
10 steps of At = 10 days; 
9 steps of At = 102 days; 
9 steps of At = 103 days; and 
9 steps of At = 104 days. 
The isochrones at three different positions in time normalised 
with respect to the loading pressure are shown in Figure 6.16(a) and are 
compared with the theoretical solution (Terzaghi, 1943). The agreement 
is seen to be very good but with the finite element solution isochrones 
tending to lag very slightly behind the theoretical solution in the later 
stages of consolidation. This behaviour is also reflected in Figure 
6.16(b) which shows the variation of the degree of consolidation with 
dimensionless time. 
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6.4.2 One-Dimensional Nonlinear Consolidation 
Davis and Raymond (1965) have extended the one-dimensional linear 
theory of consolidation to take into account the nonlinear stress-strain 
behaviour of the soil skeleton. The stress-strain relationship is that 
given by a plot of voids ratio versus vertical applied stress as obtained 
from a one-dimensional compression test. This theory can be used as a 
check against finite element calculations and one would expect good 
agreement because the applied effective stress path can be accurately 
followed along the state boundary surface. This nonlinear theory, however, 
makes an extra assumption about the material behaviour which is that the 
coefficient of consolidation, cv, remains constant. This implies that as 
the soil gets stronger (more compact) the permeability of the soil 
decreases. Despite this assumption, the nonlinear theory predicts the 
same degree of consolidation versus dimensionless time relationship as 
the linear theory. 
The author has used Davis and Raymond's nonlinear theory to test 
the program for one-dimensional nonlinear consolidation and the effect of 
the assumption of a constant coefficient of consolidation is shown. The 
problem considered used the finite element mesh and boundary conditions 
shown in Figure 6.15. The initial state'of the soil implied elasto-plastic 
behaviour for any further increase in load. (i. e. the yield function, F =0) 
and the coefficient of earth pressure at rest, Ko, had a value of 0.8. The 
value of initial vertical stress was -200 kN/m2 and the initial specific 
volume had a value of 1.526. The material parameters for San Francisco 
Bay Mud were used in conjunction with the following properties: 
Kep = 812.0 kN/m ; 
G= 93.7 kN/m ; and 
ky = 8.175 x 10-6 m/day. 
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The values of moduli were determined from the initial state of the soil 
and an assumed value of Poisson's ratio of 0.49 as outlined in Section 
4.3.1(iv). Calculation of the consolidation parameters is slightly hampered 
in nonlinear applications because the coefficient of soil compressibility, 
mv, is stress-dependent and thus varies throughout the analysis. A secant 
value of my was therefore calculated and the resulting consolidation 
parameters were: 
my = 8.711 x 10`4 m2/kN; 
cv = 9.566 x 10`4 m2/day; and 
Atmin = 1.6 days (Equation (5.23)). 
A loading pressure, f, of 100 kN/m was imposed which resulted in a final 
settlement of 0.610m. The time stepping sequence was identical to that 
used in the linear problem of the previous section. 
The'isochrones at three different positions in time normalised with 
respect to the loading pressure are shown in Figure 6.17(a). The agreement 
is seen to be satisfactory. At the later stages of consolidation, however, 
the finite element solution predicts a faster rate of excess pore pressure 
dissipation than that predicted by the analytical solution. This fact is 
also evident in Figure 6.17(b) which shows the variation of the degree of 
consolidation with dimensionless time. This behaviour is a direct result 
of the assumption of a constant value of cv in the analytical solution 
where the permeability near the draining boundary decreases very rapidly 
as the effective stress rapidly builds up. This is not so in the finite 
element solution where the permeability remains constant thus showing a 
faster consolidation rate near the draining boundary. 
To compare the differences in behaviour between linear and nonlinear 
one-dimensional consolidation, isochrones for both cases are shown in 
Figure 6.18 where the ratio of final to initial vertical stress was 1.5 as 
used in the example above. The linear theory can be seen to predict excess 
pore pressures that are on the unsafe side of the more realistic excess 
pore pressures predicted by the nonlinear theory. 
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6.4.3 Strip Load on a Semi-Infinite Nass 
Schiffman et al. (1969) have evaluated the stresses, pore pressures 
and displacements for the case of a uniform, flexible strip load underlain 
by a porous semi-infinite layer of elastic material. The general analytical 
solution had been given earlier by McNamee and Gibson (1960a, 1960b). 
To compare the author's consolidation program with the above 
analytical solution the finite element mesh and boundary conditions shown 
in Figure 6.19 were used. The boundaries must be at finite distances and 
so were taken at the same distances as used by Hwang et al. (1971) so that 
comparisons with their finite element solution may also be made. The 
following properties were used: 
K= 2000 kN/m2; 
G= 3000 kN/m2; 
kx = ky = 8.175 x 10-6 m/day; 
resulting in the following consolidation parameters: 
c=5x 10-3 m2/day; 
ýtmin = 0.94 days (Equation (5.23)). 
A loading pressure, f, of 100 kN/m2 was imposed at the surface which 
resulted in a final centreline displacement of 0.060 in. The 'time stepping 
sequence was as follows: 
10 steps of At =2x 10-1 days; 
9 steps of At =2 x 100 days; 
9 steps of At =2 x 101 days; 
9 steps of At =2x 102 days; and 
9 steps of At =2x 103 days. 
Figure 6.20 shows the variation of excess pore pressure normalised 
with respect to the loading pressure, f, with depth normalised with 
respect to the strip semi-width for the special case of T=0.1 and 
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Poisson's ratio, v=0. The agreement is seen to be good. 
Figure 6.21 shows the variation of normalised excess pore pressure 
with dimensionless time for two specific points in the semi-infinite 
layer. The finite element solution oscillates initially (cf. Section 
5.6.1) but quickly settles down to give a good agreement with the 
analytical solution. The Mandel-Cryer effect is detected by both finite 
element and analytical solutions. Figure 6.22 highlights the Mandel-Cryer 
effect and shows how its influence on pore pressures varies with increasing 
depth along the centreline. As in the previous figure the finite element 
solution oscillates for the first few. time steps then settles down. 
Both solutions show that the peak in excess pore pressure occurs later 
in time for increasing depth. However, the analytical solution shows the 
value of the peak excess pore pressure ratio increasing with increasing 
depth and becoming more sharply defined. The finite element solution, on 
the other hand, shows neither of these trends producing lower values of 
peak ratios and much flatter peaks. On intuitive grounds, the author 
finds the trend in the finite element solution more realistic. However, 
the difference is not crucial because the agreement of the past peak 
behaviour is good and the Mandel-Cryer effect (which occurs at early times 
anyway) has a maximum influence on excess pore pressures when v=0. 
Any realistic value of v would lessen the magnitude of the Mandel-Cryer 
effect (cf. Section 5.7 and Figure 5.4). 
In Figure 6.23 are shown the vertical stress and excess pore pressure 
ratios at a particular point in the medium. The initial values of 
effective stress and pore pressure were taken from a separate, undrained 
analysis. After the first few time steps the agreement is excellent in 
relation to the excess pore pressure ratio and is generally very good in 
relation to the vertical stress ratio. 
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6.4.4 Strip Load on a Finite Layer Resting on a Smooth, Impervious Base 
Gibson et al. (1970) have evaluated the stresses, pore pressures 
and displacements associated with the consolidation of a flexible strip 
load underlain by a finite layer of a porous, elastic material. resting on 
a smooth impervious base. To compare the author's program in this case 
two analyses were carried out using different thicknesses of layer. The 
finite element meshes and boundary conditions are shown in Figure 6.24. 
The material parameters used were identical to those used in the preceding 
analysis. The time stepping sequence was identical also, except for the 
exclusion of the last nine time steps. A loading pressure of 100 kN/m2 
was applied which resulted in final centreline displacements of 0.017 m and 
0.029 m for the shallower and deeper layers, respectively. 
Figure 6.25 shows the variation of the degree of consolidation 
(Equation (6.11)) with dimensionless time for both layers. The agreement 
is seen to be very good. In calculating the degree of consolidation the 
values of initial displacement were taken from separate undrained solutions 
(see Section 6.2.2 for the details of how this is achieved). 
6.5 NONLINEAR CONSOLIDATION AND CREEP 
To highlight the effects that nonlinearity of the soil skeleton 
and creep have during the consolidation process the author has analysed 
the problem of a semi-infinite layer of San Francisco Bay Mud supporting 
a flexible, porous strip load of width 20 m. The material parameters 
are shown in Table 6.1. The finite element mesh used to approximate the 
semi-infinite layer and. boundary conditions are shown in Figure 6.1 and 
the additional boundary conditions are that free drainage was allowed only 
along the upper surface boundary, the vertical and lower boundaries being 
impermeable. The soil had an initial vertical stress of -150 kN/m2 
throughout its depth, the value of the coefficient of earth pressure at 
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rest, Ko, was 0.8 and Poisson's ratio had a value of 0.444. The soil was 
assumed to be lightly overconsolidated with an overconsolidation ratio 
of 1.2. The initial values of bulk and shear moduli were 4717 and 455 
kN/m2, respectively and the horizontal and vertical permeabilities were 
assumed to be 1.15 x 10-5 m/day. This resulted in a value of the coefficient 
of consolidation, c, of 5.72 x 10-3 and a minimum time step size 
(Equation (5.23)) of 73 days. 
Three analyses were carried out assuming: 
(a) a linear (elastic) soil skeleton; 
(b) a nonlinear (elasto-plastic) soil skeleton; and 
(c) a nonlinear soil skeleton and including creep effects. 
A uniform ramp loading was applied such that the full loading 
pressure of 100 kN/m2 was obtained after the first ten time steps. The 
time stepping scheme was as follows: 
10 steps of At 10 days; 
9 steps of At = 102 days; 
9 steps of At 103 days; 
9 steps of At = 104 days; and 
9 steps of At = 105 days. 
The initial time step size of 10 days violated the criterion of Vermeer 
and Verruijt (1981), however, no problems such as oscillating excess pore 
pressures were encountered with this value of time step size. This may, 
in part, be attributed to the fact that the criterion strictly only applies 
to regular finite element meshes for one-dimensional consolidation problems. 
The example used herein is two-dimensional and the finite element mesh is 
graded. Another important feature of the analysis is that the loading was 
not applied suddenly but gradually over the first ten time steps, thus 
reducing any tendency towards oscillating excess pore pressures. Creep 
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effects were considered from the point in time at which the ramp loading 
was complete. The time at the end of the analysis corresponds to a value 
of time factor, T, of fi7.2. 
Figure 6.26 shows the development of settlements at the centre of 
the strip load with time factor for the three analyses performed. A large 
proportion of the total settlement occurred during the loading period and 
may be attributed to the fact that dissipation of the excess pore pressures 
was allowed during the relatively long loading period. Thus at the end of 
loading the settlements comprise both the 'immediate' settlement due to the 
load and a contribution due to the consolidation of the underlying soil. 
The figure also shows that, in this instance, the settlement of the strip 
load is greater when plastic behaviour is included. The inclusion of creep 
behaviour in the nonlinear analysis shows a marked increase in settlement 
at all times. In this analysis the time stepping sequence was not altered 
from the previous analyses and it is inadequate for accurate predictions 
of creep behaviour to be made. Whereas in consolidation analyses it is 
permissible to change the time step size by a factor of 10 it is inadvisable 
to do so in creep analyses because the creep strain increments may be large 
resulting in oscillations in displacements. The author, therefore, realises 
that although in the later stages of the analysis the accuracy of the creep 
predictions may be suspect, nevertheless in a qualitative sense the 
conclusions drawn from the analysis are generally valid. 
Figure 6.27 shows the dissipation of excess pore pressure with time 
factor at a point below the strip load (position D in Figure 6.1). When 
loading is complete the nonlinear analysis shows a slower further build up 
of excess pore pressure (and a lower peak value) than that shown by the 
linear analysis but, more importantly, shows that the excess pore pressures 
take longer to dissipate during the middle and later stages of the 
consolidation process. The effect of creep behaviour is to increase the 
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peak value of excess pore pressure\and cause this peak to occur at a 
later time than those shown by the linear and nonlinear analyses. Also, 
creep behaviour tends to delay still further the subsequent dissipation 
of the excess pore pressures. 
Figure 6.28 shows the surface settlement profile at the end of 
loading and at T=5.72 for the nonlinear analysis and the nonlinear' 
analysis including creep.. The figure shows that settlements due to creep 
may be significant when compared to consolidation settlements and also 
that creep may cause heave along part of the surface distant from the 
strip load. 
Figure 6.29 shows profiles of horizontal movements below the edge 
of the strip load (X/a = 1). It can be seen that the consolidation and 
creep effects are in opposition, consolidation causing an inward movement 
and creep causing an outward movement. It is conceivable that at certain 
times and at other locations in the soil these effects may cancel each 
other or cause oscillations in horizontal movements. Care may therefore 
be needed when horizontal movements are monitored in the field if it is 
known that the underlying material is prone to creep. 
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CHAPTER SEVEN 
FIELD COMPARISON: CUBZAC-LES-PONTS 
7.1 INTRODUCTION 
This chapter presents the results of the application of the 
author's soil model and method of analysis to a field situation. The 
analysis is of an experimental embankment built on a relatively shallow 
layer of soil which was instrumented specifically for the purpose of 
obtaining data to verify (or otherwise) predictions made by numerical 
methods. Dang and Magnan (1977) have carried out a 'drained' analysis 
and Belkeziz and Magnan (1982) have carried out a series of consolidation 
analyses (varying the assumptions about soil behaviour) of the embankment 
and soil layer taking into account sequential construction of the 
embankment and using the 'modified' Cam clay model (Burland, 1967) to 
model the underlying soil. 
The embankment was built for the Laboratoires des Ponts et 
Chauss4es in October 1975 at Cubzac-les-Ponts, 30 kilometres north of 
Bordeaux in France. Two other embankments were built for separate 
investigations of failure and the embankment under consideration herein 
was designated as embankment B. The height of the embankment was 2.3 m 
corresponding to a factor of safety of 1.5 using the simplified Bishop's 
method of slip-circle analysis. 
The author has obtained all information about the experimental 
embankment from the research reports of Dang and Magnan (1977) and 
Belkeziz and Magnan (1982) and for a more complete description of the 
construction of the experimental embankment, the site, geotechnical 
characteristics and instrumentation the reader is referred to these 
reports. 
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7.2 DETAILS OF THE SITE 
The experimental site is situated on the alluvial flood plain of 
the Dordogne river and the underlying soil consists of the following: 
i) a thin layer of topsoil approximately 0.3 m thick; 
ii) a layer of loamy clay extending to 2m depth approximately, 
forming an overconsolidated and weathered crust; 
iii) a lightly overconsolidated highly compressible layer of 
clay with peat extending from a depth of 2m to 6m; and 
iv) alayer of lightly overconsolidated soft silty grey clay 
with organic material extending from a depth of 6m to 9 m. 
The above soil layers rest on a. 5 m thick layer of sand and gravel which 
itself rests on a substratum of impermeable marl. Overall the soils 
show a high degree of homogeneity and the general layout. of the layer is 
shown in Figure 7.1. 
7.2.1 Material Testin 
Both laboratory and in-situ soil tests were carried out. The 
laboratory tests included the conventional triaxial test, oedometer test, 
shear box test and permeability tests to determine the mechanical 
characteristics of the soils in the short and long term. The in-situ 
testing involved shear vane and penetrometer tests (to verify the. degree 
of homogeneity of the soils in the region of the embankment); standard 
and self-boring pressuremeter tests; and tests to measure the value of 
the coefficient of permeability and coefficient of consolidation. 
7.2.2 Geotechnical. Characteristics 
r 
Figure 7.2 shows a schematic variation of-the geotechnical 
characteristics of the foundation soils with depth below the foundation. 
The figure shows the curves of average values of'the moisture content, w; 
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Atterberg limits, Wp and wL; void ratio, eo; bulk density, y, and dry 
density, yd; organic material content; initial in-situ vertical effective 
stress, avo, and preconsolidation pressure, a'; swelling index, Cs 
(= 2.3k), and virgin compression index, Cc (= 2.3X); vertical permeability, 
kv; coefficient of consolidation, cv; ratio of horizontal to vertcial 
in-situ permeabilities; and undrained shear strength, cu, measured in- 
situ (vane test) and in the laboratory. 
Table 7.1 summarises the average values of the principal parameters 
of compressibility and permeability for each metre of compressible layer. 
7.2.3 Instrumentation 
To measure settlements of the supporting soil settlement gauges 
. were 
installed on the surface and at various depths. Other measuring 
devices included inclinometers, levelling pegs and relative horizontal 
displacement gauges. To measure stress intensities and excess pore 
pressures, pressure cells and piezometers were also installed. 
7.3 THE EMBANKMENT 
The overall dimensions of the embankment are that its rectangular 
base measured 24 m by 62.5 m, its side slopes had a batter of 2: 3 
(vertical: horizontal). and its height was 2.3 m. Its constituent material 
was largely gravel and coarse sand. The amount of material passing the 
0.2 mm sieve was 2% and the amount passing the 20 mm sieve was 75%. The 
in-situ bulk density. of the material had a relatively high value of 
21 kN/m3. 
The embankment was constructed in three layers at moderate speed 
and was only interrupted by a weekend when no work was carried out after 
the first layer was completed. A record of the progress of the embankment 
height is shown in Table 7.2. 
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Embankment Height of Date/time 
Layer Embankment 
1 0.70 in. 10th October/1100 hrs. 
1.20 m 14th October/0900 hrs. 
2 1.60 m 14th October/1130 hrs. 
1.90 m 14th October/1700 hrs. 
3 2.30 m 15th October/1200 hrs. 
Table 7.2 Calendar of embankment construction 
(after Dang and Magnan, 1977) 
Layer Depth N r A k m 
kh 
(m/day) 
k° 
(m/day) 
1 Om - lm 2.47 2.40 0.12 0.017 1.2 1.55 x 10-4 1.55 x 10-4 
2 1m - 2m 5.62 5.26 0.53 0.022 1.2 1.08 x10-4 1.05 x 10-4 
3 2m - 4m 6.59 6.13 0.75 0.085 1.2' 2.16 x10-4 6.20 x10-5 
4 4m - 6m 4.98' 4.64 0.53 0.048 1.2 2.55 x10-4 9.33 x 10-5 
5 6m - 9m 5.16 4.83 0.52 0.042 1.2 2.55 x 10-4 1.62 x 10-4 
Table 7.3 Material parameters for the soil types at Cubzac-les-Ponts 
(after. Belkeziz and Magnan, 1982) 
Layer Depth 
vo2 
(kN/m ) OCR vi 
1 0.5 m - 7.5 9.29 2.040 
2 1.5 m -22.5 3.40 3.344 
3 3.0 m -28.5 1.40 3.892 
4 5. O m -36.5 1.17 3.006 
5 7.5 m -46.5 1.28 3.048 
Table 7.4 Summary of. the initial conditions 
for. finite element analysis 
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7.4 FINITE ELEMENT ANALYSIS 
The author has analysed the embankment settlement behaviour 
assuming 'undrained' and 'drained' conditions to determine the immediate 
and final settlement patterns, respectively, and has also carried out 
a coupled consolidation analysis to determine the settlement behaviour 
and excess pore pressure generation and dissipation with-the passage of 
time. A combined consolidation and creep analysis was not attempted 
because, unfortunately, no creep parameters were available for the soils 
of Cubzac-les-Ponts. 
7.4.1 Material Parameters 
Dang and. Magnan-(1977) began their. analysis with a set of material 
parameters which they subsequently refined twice to obtain satisfactory 
comparisons between theoretical and real behaviour of the embankment. 
Belkeziz and Magnan (1982) further refined-these parameters for their 
consolidation analysis and introduced values of horizontal and vertical 
permeabilities. The author has used the latest set of parameters which 
are reproduced in Table 7.3. The layers of soil have been idealised as 
five horizontal layers, as shown. -in the table, to capture the variability 
of the materials with depth. 
Values of r were calculated from the values of N, A, k and a value 
of L of 0.5 consistent with 'modified' Cam clay model (see Equation (4.6)). 
The author has adopted a . value of Poisson's ratio of 0.35 for all soil 
layers as given by Dang-and Magnan (1977) giving rise to a value of 
max 
Kmax 
of 
3 
and Gmin had an arbitrary value of 10 kN/m2. 
The author has modelled the embankment by elastic finite elements 
using a value of Poisson's ratio of 0.33 and a Young's modulus of 30 MN/m2 
as given by Dang and Magnan. 
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7.4.2 Initial Conditions 
From Figure 7.2 a value of bulk density, y, of 15 kN/m3 was 
taken for all soil types above the water table (situated at 1.5 m depth) 
and 14'kN/m3 for all soil types below. Therefore, above the water table 
the vertical effective stress increases at a rate of 15 kN/m2 per metre 
depth and at a rate of 4 kN/m2 below the water table (i. e. assuming the 
unit weight of water equals 10 kN/m3). The values of vertical effective 
stresses and vertical preconsolidation pressures given in Table 7.1 were 
used to calculate the initial average. values of overconsolidation ratios 
(OCRs) for each. layer of material. The initial' average values of vertical 
effective stress, auo, and overconsolidation ratio for each layer are 
shown in Table 7.4. . 
No measurements or estimates were made-of the value of the 
coefficient of earth pressure at rest, Ko, by Dang and Magnan and so the 
author has assumed a fairly realistic value of 0.8. 
The values of initial. specific volume for all the Gauss points 
are calculated from knowledge. of the initial stress state, overconsolidation 
ratio-and material parameters as laid down in Section 4.4.1. These values 
are presented as. -averages for each layer in Table 7.4. 
7.4.3 Idealisation of Geometry 
Due to. the symmetry of the problem only half of. the embankment and 
supporting soil layers need be analysed. The lower boundary was taken 
at a depth of 9m coinciding with: the top of the sand and. gravel layer. 
Measurements in-situ showed that there was very little movement at this 
level. A distance of 36 metres from the embankment centreline was 
considered adequate to position a vertical boundary considering the width 
of the embankment and depth of supporting soil. Figure 7.3 shows the 
idealised geometry of the soil layers; embankment and the nature of the 
boundary conditions for the 'undrained', 'drained'. and consolidation 
analyses. Perfect adhesion was assumed at the junction of any two material 
layers. 
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Sequential construction of the embankment has been limited to 
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the construction of just two equal layers for reasons of simplicity and 
computer storage requirements (for the consolidation analysis). For 
each layer the nodal loads equivalentýto the self weight were determined 
and applied in increments, the finite elements constituting the embankment 
being present to take account of its stiffness. 
The finite element mesh used in. the 'undrained' and 'drained' 
analyses is shown in Figure 7.4. The mesh used in the consolidation 
analysis is shown in Figure 7.5. 
7.4.4 A Modification to-the Author's Model 
Because the initial strain algorithm encounters difficulties 
with convergence when the stress states of yielding zones of soil 
approach the region of 'critical states' the author has. modified the soil 
model described in Chapter 4 to overcome these difficulties. Such stress 
states may. exist even under non-failure loading conditions when loading 
is large in proportion to initial stresses as is the case of embankment 
B at Cubzac-les-Ponts. The simple modification is to use a non-associated 
flow rule when the stress state shows that q'/qf is greater than a value 
of 0.8 (see Figure 7.6). Below this value an associated flow rule is 
used as before. The non-associated flow rule invoked utilizes a constant- 
gradient for the plastic strain-increment vector and this gradient is 
given by the associated flow rule for the case of q'/qf =. 0.8. 
7.5. RESULTS OF THE"'UNDRAINED' ANALYSIS 
For this analysis the. total load was applied in four increments 
(two equal increments for each layer of finite elements that make up 
the embankment). The value of the apparent bulk modulus, KA, was taken 
as 2x 105 kN/m2. 
N 
c yN 
EG 
aý .° 0 yc 
0 0% 
N 
- - - 
- - . - - - -- - 
U) 
(1) 
co 
ro 
b 
rd 
v 
qj 
b 
0 
w 
4 
U) 
(1) F 
m 
C) 
a) 
. r1 
P4 
N- 
V 
to 
w 
EA 
a 
E 
a 
ä 
0 
158 
U) 
0 
., a 4I 
cz v 
0 
U) 0 
0 
u 
0 
w 
s 
4, 0 
C, E C) 
a) 
a) 
. r4 a 
. r., w 
Lfl 
aý 
w 
`1 
Pý 
PC 
159 
--, =08 of 
Dcicited 
L ý. Pr 
Figure 7.6 Modification to the flow rule used in 
the author's soil model 
LEGEND 
Plastic Yield Zones 
Figure 7.7 Plastic yield zones at the end of embankment 
construction obtained from the. 'undrained' analysis 
F7_71 strain- hardening 
160 
7.5.1 Plastic Yield Zones 
The plastic yield. zone in the supporting soil when the embankment 
had attained its full height-is shown in Figure 7.7. The figure shows 
that many elements behave. elastically when the load is applied 'rapidly. 
Strain-hardening plastic yield occurred between depths 4m to 6m. This 
layer had the smallest value of overconsolidation. ratio and yield first 
occurred when the loading was equivalent to-an embankment height of 
1.725 m. Strain-softening plastic yield was shown between depths 0m to 
1 M. This layer had the highest value of overconsolidation ratio and 
lowest initial stresses. 
. 
7.5.2 Calculated Surface Settlements 
The surface settlement profile is shown in Figure 7.8. The 
characteristic surface heave next to- the embankment of 'undrained' solutions 
can be clearly seen. The centre-line'surface settlement had a value of 
0.078m. and the maximum. surface heave had a value of 0.050m at a distance 
of 2m from the toe of the embankment. 
7.5.3 Comparison with Measured Horizontal-Displacements 
Dang and'Magnan (1977). show the measured horizontal displacements 
with depth for the instrumented profiles 7K and i1K. (shown. in Figure 7.3) 
measured at 611. days : after the embankment was constructed. These results 
are reproduced in Figures. 7.9 and 7.10 which also include the values 
calculated by the. author's program. - In both instances the author's 
'undrained' solution. shows greater horizontal. displacements than those 
measured at shallow depths (less than2 m, approximately) and smaller 
horizontal displacements at. greater depths. 
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Figure 7.9 Horizontal displacements below the crest of the embankment 
Profile 11K 
-0.04 -0.02 
horizontal displacement (m) 
0.02 0.04 0.06 0.08 0.10 0.12 014 
1`1.1+ 
3/J/! i 
4t "JJ x 
.ýtx 5- 
//i 
x+/ 6` 
v7/ 
+ _X 
LEGEND 
g/ measured at 611 days 
x---x Dang and Magnan (1977) 
9 "---. " author's program -'drained' 
++ author's program -' undrained' 
Figure 7.10 Horizontal displacements below the edge of the embankment 
163 
7.6 RESULTS OF THE 'DRAINED' ANALYSIS 
For this analysis-the total load was. applied in ten increments 
(five equal increments for each layer of finite elements that make up 
the embankment). 
7.6.1 Plastic Yield Zones 
The ddvelopment of plastic yield zones in the supporting soil as 
the embankment load is increased is shown in Figure 7.11 for four 
embankment heights. All the zones show strain-hardening. behaviour (sub- 
critical yielding) and throughout the entire analysis no tendency to 
strain-softening behaviour (super-critical yielding) was evident. Similar 
findings have been made by others, e. g. Almeida and Ramalho-Ortigäo (1982), 
from their `drained` analyses of embankment settlement behaviour. The 
figure shows that initially the soil yields predominantly between depths 
2m to 6m directly beneath the embankment and that the layers above 
yield later (due to their higher values of overconsolidation ratio). 
The spread of plastic yield zones is more or less as one would expect 
and suggests that most load is taken by the soil directly beneath the 
embankment. with little spread to either side. 
7.6.2 Calculated Surface Settlements 
The development of surface settlements with increasing embankment 
height. are shown in Figure 7.8 where the surface settlement profiles 
correspond to the four embankment heights shown. The influence of the 
stiffness of the embankment is clearly evident by the change in curvature 
of the settlement profiles at the toe of the embankment slope. The 
maximum amount of surface heave was only 6.5 mm occurring approximately 
10 m away from the embankment, reflecting the soft, compressible nature 
of the soils at the site. 
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The development of the centreline surface settlement with 
embankment height is shown in Figure 7.. 12. The scale of the axis of 
embankment height is nonlinear because the load increase per metre height 
decreases as. the embankment height increases. The shape of the curve in 
the figure is similar to the curves obtained when analysing the behaviour 
of a flexible strip footing on a clay layer (see Chapter 6), i. e. there 
is initially a curved portion which then tends to straighten as more load 
is applied. The final centreline surface settlement had a value of 
0.764 m. 
T. 6.3 Comparison with Measured Surface Settlements 
Readings of settlements and horizontal displacements were taken 
at various times. after construction of the embankment. The values of the 
centreline surface settlements measured at 494,688 and 1000 days were 
0.524m, 0.560m and 0.620m, respectively. This may be compared with 
the author's value of ultimate settlement of 0.764 m and the values of 
0.830m. calculated by Dang and Magnan (1977) and 0.820 m calculated by 
Belkeziz and Magnan (1982). However, as consolidation in the field was 
incomplete at the time the measurements were taken, further settlement 
can be expected. A truly meaningful comparison cannot be made until 
evidence is obtained which suggests: that consolidation has ceased. 
7.6.4 Comparison with. Measured Horizontal Displacements 
Figures 7.9 and. 7.10. show the horizontal displacements calculated 
by the author's program for the instrumented profiles 7K and 11K, 
respectively, along with the values measured at 611 days and the results 
of Dang and Magnan's 'drained' analysis. The values of Dang and Magnan 
are in good agreement with the measured values. The outlying results 
in each of the figures at depth 6m have been ignored and the authors 
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explain that the existence of these points may be due to a bad choice 
of rigidity parameters of the finite elements at the interface at a 
depth of 6m. The author's program predicts smaller horizontal movements 
(except near the surface) than those measured and this may, in part, be 
due to the modification made to the flow rule which effectively restricts 
the amount of plastic shear strain. However, it must be remembered that 
after a time of 611 days consolidation has not ceased and so the measured 
values may subsequently change. Figure 6.29 shows that below the edge 
of a flexible strip load horizontal displacements may reduce in time, a 
finding also supported by Christian and Watt (1972). 
7.7 RESULTS OF THE CONSOLIDATION ANALYSIS 
For this analysis all: of the finite. elements that constitute the 
embankment-were included from the start and the load increased in three 
stages corresponding to embankment heights of 0.7 m, 1.6 m and 2.3 m. 
7.7.1 Time. Step Discretization 
The minimum initial time step size, Atmin, of Vermeer and Verruijt 
(1981) (Equation (5.23)) was calculated for the elements at both the 
upper and lower draining boundaries. The values-were approximately 
0.20 days and 0.03-days-, respectively. The initial time step size used 
in the analysis was 1 day thus Vermeer and Verruijt's criterion was 
satisfied. 
In order that results may be compared with those of Belkeziz and 
Magnan (1982) (as well as the measured values) a similar time stepping 
sequence to theirs was adopted as follows: 
6 steps of At =1 day; 
4 steps of At = 10 days; 
10 steps of At = 102 days; and 
6 steps bf At = 103 days. 
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The first six time steps correspond to the construction phase. The 
loading was simulated by ramp loading and the three stages were applied 
during days 1,5'and 6. 
7.7.2 Modification to the Nonlinear Solution Algorithm 
A modification to the nonlinear solution algorithm was necessary 
because of failure to converge in the early stages of the analysis. This 
was attributable to the behaviour of the finite elements directly beneath 
the embankment and next. to the upper draining boundary. The elements in 
this position of the mesh are 0.25m deep and the initial vertical stresses 
at their Gauss points are therefore very low (of the order -0.8 and -3.0 
kN/m2) corresponding to-their shallow depth. (0.053m and 0.197m). When 
the first increment of load is applied there is a very-large increase 
in effective stress (relative to initial stress) at-these Gauss points 
because they are next to a draining boundary where excess pore pressures 
are zero and consequently convergence is very problematic. Belkeziz and 
Magnan (1982) had a similar experience using the 'initial stress' 
algorithm. 
One way to overcome-. this problem would be to apply the load in 
small increments and using correspondingly small time steps (being aware 
of Vermeer and Verruijtts (1981) initial time step size criterion). 
However, this would be costly in both time and resources. Another way 
would be to increase the-depth of"the'finite elements next to-the boundary 
-(thus moving the Gauss points downwards resulting in greater initial 
stresses at these points) but this would increase the allowable value of 
the minimum initial time step size, Otmjn, in which case the loading 
sequence may not be modelled with sufficient accuracy. The author chose, 
as an expedient, to simply suppress the elasto-plastic behaviour of the 
row of. elements next to the upper draining boundary. The error introduced 
by doing so is likely to"be-of little importance to the overall settlement 
behaviour. 
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7.7.3 Plastic Yield Zones 
The development of plastic yield. zones in the supporting soil as 
the embankment height is increased is shown in Figure 7.13 for the three 
stages of construction. The figure shows. that yielding starts'at the 
bottom of the layer where there is a draining boundary. and the value of 
overconsolidation ratio is low. The rest of the supporting soil remains 
elastic because the excess pore pressures have not yet had time to 
dissipate. In the second stage of-loading (embankment height = 1.6m) 
the original yield zone spreads further and yielding begins between 
depths 4m and 5m (in agreement with the 'undrained' solution). In 
the final stage of construction (embankment height. = 2.3m) the two yield 
zones spread further and. unlike the 'undrained'. solution (see Figure 
7.7) no strain-softening behaviour was evident. 
The development of plastic-yield zones at two instances of time 
after the embankment attained its full height is shown in Figure 7.14. 
The figure shows that after 1046 days strain-hardening plastic yield has 
occurred between depths 2m to 9m and may be compared to the 'drained' 
solution in Figure 7.11 (c) and (d). Unlike the 'drained' solution, 
however, no strain-hardening yield has yet occurred between the surface 
and depth 1.5m and strain-softening yield occurred in. a small region 
next to the toe of the embankment. After a further 5000 days the analysis 
showed that both yield zones have spread further and a new strain-hardening 
yield zone has formed below the edge of the embankment between depths 
1m and 1.5 m. 
7.7.4 Calculated Deformations and Excess Pore Pressures 
Figure 7.15 shows the deformation profiles of the supporting 
soil calculated. using the author's model at the end of construction 
(t 6 days) and at times of 146,646,1046,4046 and 6046 days. The 
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surface settlements are shown along with the horizontal-displacements at 
three vertical sections-which are at distances of 8 m, 12 m and.. 173m 
from the embankment centreline. The figure shows that at the end of 
construction, surface heave occurs outside the embankment and has a 
maximum value of 0.035 m at a distance of 4m from the toe of the 
embankment. Horizontal displacements are greatest beneath the embankment 
at depths of approximately 1m to 5m and do not change very much during 
the progress of consolidation. Away-from the embankment, however, there 
is a tendency for the soil to move back towards the embankment during 
consolidation. 
Figure 7.16 shows the trend of excess pore pressure dissipation 
given by the author's analysis for three points below the embankment 
centreline at depths of 2 m, 5m and 8 m. on a logarithmic time scale. 
At a depth of 2m the-excess pore pressures continue to increase after 
loading has ceased (the Mandel (1953) - Cryer (1963) effect, see Chapter 
5). No such rise is shown at a depth-of 5m where the excess pore pressure 
remains constant for a period before decreasing and at a depth of 8m 
the excess pore pressure dissipates as soon as loading has ceased. 
7.7.5 Comparison with Measured Displacements 
Figure 7.17 shows measured surface centreline settlements and 
those calculated by Belkeziz and Magnan (1982) and the author. Both 
numerical predictions underestimate the rate of settlement for the period 
when measurements were taken. The maximum. settlement obtained by the 
author was 0.755 m. 
Figure 7.18 shows measured and calculated horizontal displacements 
for profile : 
7K (8m from the embankment centreline) at times of approximately 
6,146,646 and 1046 days. Values calculated using the author's model 
overestimate horizontal displacements at the end of construction (t =6 days) 
and thereafter greatly underestimate them except near the surface where 
agreement is good. 
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7.7.6 Comparison with-Measured Excess Pore Pressures 
Figure 7.19 shows measured and calculated-excess pore pressures 
below the embankment centreline at depths of 5m and 8 m. The measured 
values at a-depth of 5m show a much more rapid dissipation initially 
than that indicated by either numerical solution whereas at'a depth of 
8m the correlation is good at early times. Both measured excess pore 
pressure dissipations show a marked change in the rate of dissipation 
between approximately 100 days"and 200 days which is not shown by either 
numerical solution. It is unclear why this change should occur: it may, 
be due to a change of material behaviour at these points or a decrease in 
permeability due to increasing effective stress and consequently 
decreasing specific volume. 
Figure 7.20 shows measured-and-calculated isochrones of excess 
pore pressures below the embankment centreline. Agreement between 
measured and calculated values is generally good but deteriorates from 
a. time of 646 days onwards. as the numerical solutions give excess pore 
pressures that dissipate more quickly (as. is also shown in Figure 7.19). 
7.8 GENERAL CONCLUSIONS 
Three separate finite element analyses have been carried out by 
the author to analyse. the deformation behaviour, of experimental embankment 
B at Cubzac-les-Ponts. Real behaviour appears to lie between the 
'undrained'. and 'drained' solutions. The measured surface centreline 
settlement'at the end of. construction was. approximately 0.110 m which is 
a little greater than the. value of 0.078m given by-the 'undrained' 
solution suggesting that the rapid construction of: the embankment may be 
approximated by a sudden application of the full embankment load. The 
results of-the 'drained'. solution cannot meaningfully be. compared with 
measured values until consolidation in-the-field is complete but they do 
give an indication of ultimate settlement. (ignoring creep). 
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A consolidation analysis provides useful information regarding 
trends in settlemdnt=and excess pore pressure dissipation behaviour in 
the gap bounded by the 'undrained' and 'drained' solutions. Comparisons 
with measured displacements and excess pore pressures made in this chapter 
showed that the author's nonlinear coupled consolidation program: 
i) underestimated centreline surface settlements by 
about 15%; 
ii) predicted horizontal displacements at profile 7K 
satisfactorily near the surface but greatly under- 
estimated horizontal displacements at greater depths; and 
iii) predicted excess pore pressures satisfactorily for 
approximately the first 600 days. 
No critical state. zones developed: during any of the three analyses 
and this is consistent with the fact that the embankment was constructed 
with a factor of safety of 1.5 using, the simplified. Bishop's method of 
slip-circle analysis. 
Some points arising from the settlement analyses are that: 
i) it would be'advisable to determine the value of Ko by 
direct measurement of horizontal stress rather than 
assume a value because this parameter affects the initial 
state of the soil; and 
ii) knowledge-of the values of the Singh and Mitchell (1968). 
creep parameters may help to explain some of the trends 
in the overall settlement behaviour. 
The author suspects that the soft clays. at. Cubzac-les-Pouts may be 
susceptible to creep because the measured horizontal displacements at 
profile 7K (see. Figure 7.18) increase with time whereas'Figure 6.29 would 
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suggest movement in the opposite direction during consolidation unless 
creep behaviour is present. The increased measured centreline surface 
settlements and delayed excess pore pressure dissipation over predicted 
values may also be symptomatic of creep behaviour but there may be other 
explanations for this behaviour. For example, a decrease. in permeability 
would retard the dissipation-of excess pore pressures and Belkeziz and 
Magnan (1982) suggest that the assumption of constant values of 
permeability may be questionable due to the behaviour. shown by the measured 
excess. pore pressures in Figure 7.19 and that changes in permeability may 
be easily incorporated'into. a finite element consolidation analysis. 
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CHAPTER EIGHT 
CONCLUSIONS 
The main objective of the work described in this thesis was to 
develop computer programs that could be applied to the analysis of the 
deformation behaviour of normally consolidated and lightly overconsolidated 
soft clays. Nonlinearity of the soil skeleton and creep behaviour were 
to be modelled and the interplay of creep and consolidation studied. 
A study has therefore been made of the main nonlinear models of 
soil behaviour an engineer would be likely to use when solving settlement 
problems with the aid of a. digital computer.. The finite element method 
was used as the numerical tool to solve boundary value and initial value 
problems and all the analyses performed assumed plane strain conditions 
and were of a flexible strip load or an embankment resting on soft clay. 
8.1 TIME-INDEPENDENT BEHAVIOUR 
To model time-independent behaviour the author chose to use an 
elasto-plastic model and within this class of models has adopted the 
`modified` Cam clay model (Burland, 1967). The author has made the 
model more general by introducing the parameter, L, to define the position 
of the centre of the yield surface ellipse. The resulting model has 
been formulated such that strains tare a 
function of the stresses and 
the model is applicable to the analysis of the behaviour of normally 
consolidated and lightly overconsolidated clays under load. 
The programming of the-model into the finite element framework 
has been tested against another computer program (-i. C. F. E. P. ) which 
used the `initial stress' approach. to take into account nonlinear 
material behaviour. Upon analysing a hypothetical problem agreement 
between the two solutions was very-good and the largest deviation between 
the solutions was of the order of 7% for vertical displacements. 
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The value of the parameter, L, has a marked effect on settlement 
behaviour and predicted collapse loads. Lower values of L are associated 
with higher degrees of nonlinear behaviour; increased settlements and 
lower predicted-collapse loads (for 'undrained' conditions). A low 
value of this parameter may reverse the sense of the horizontal displace- 
ment at the edge of a strip load to that predicted using a higher value 
of the parameter. 
8.2 TIME-DEPENDENT CREEP 
The treatment of creep behaviour has-been restricted to the 
modelling of deviatoric creep. Of the two'basic approaches to creep 
analysis the author has used the approach utilizing a phenomenological 
model and in particular that of Singh and Mitchell (1968). 
Rigorous testing of the creep model for use under plane strain 
-conditions is difficult. The author is unaware of any analytical 
solutions to such problems and so the results of the creep analyses 
performed should be taken as an indication of what one might expect to 
-happen in such situations. 
Sensitivity analyses. were carried. out on the Singh-Mitchell 
creep parameters a and m (because they appear as exponents in Equation 
(4'. 21)) of San Francisco Bay Mud and showed that they must be carefully 
determined. An over- or under-estimate of the value of the parameter, 
a, by 10% may cause an increase or decrease, respectively, in predicted 
creep settlements of the order of 25%. An. over-estimate of the value of 
the parameter, m, by 10% may cause a decrease in predicted creep settle- 
ments of the order of 30%; an under-estimate of the. value by the same 
amount may. cause an increase in predicted creep settlements of the order 
of 40%. This last finding is consistent with the fact that creep 
rupture is associated with low values of in. 
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8.3 FINITE ELEMENTS 
8.3.1 Nonlinear Material Behaviour 
The eight-noded isoparametric finite element-has been used 
exclusively and nonlinear behaviour monitored at the 2x2 Gauss points. 
The nonlinear solution algorithm used to incorporate both nonlinear 
material stress-strain response and creep behaviour was the 'initial 
strain' method. The method was satisfactory for creep analyses but has 
been shown to become unstable when the value of the ratio q'/qf reaches 
a value of approximately 0.85 in 'undrained' analyses. For 'drained' 
analyses where initial stresses are low it was found necessary to 
incorporate a non-associated flow rule into the author's model for stress 
states which show q'/qf > 0.8. This flow rule was such that the plastic 
strain increment vector was parallel to that vector at the stress state 
having q'/qf = 0.8. 
8.3.2 Consolidation 
An eight-noded isoparametric finite element. with three degrees 
of freedom per node was used exclusively in consolidation analyses. It 
has been shown that for the kinds of initial value problems solved a 
quadratic variation of excess pore pressures within the elements is 
superior in terms of accuracy to 
. 
the use of a linear variation. 
The conclusions which can be drawn from the results of the 
consolidation analyses performed. are-listed below. 
(i) Ill-conditioning of the finite element equations can 
occur if the soil is stiff and its permeability low. 
The simple method of weighting the equations given by 
Norris (1980) has been used with great success to 
overcome this problem. 
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(ii) Formulation of the. finite element consolidation equations 
to take into account the compressibility of the pore 
fluid was programmed by the author but was later rejected 
in favour of the incompressible. pore fluid formulation, 
the reason being that the value to be used for the bulk 
modulus of the pore fluid is open to question and 
displacements and excess pore pressures obtained using 
the compressible formulation were similar to those 
obtained-using the incompressible formulation. 
(iii) Schiffman et al. (1969) give an analytical solution to 
the problem of two-dimensional consolidation of a linear, 
elastic porous material. The author has used this 
solution for comparative purposes and agreement is 
generally very good. With respect to the Mandel-Cryer 
effect (Mandel, 1953, Cryer, 1963), however, the finite 
element analysis predicted a smaller rise and a smoother 
peak in the excess pore pressure versus logarithm of 
time relationship (see Figure 6.22). On intuitive 
grounds the author finds the trend in-the-finite element 
solution more realistic. 
(iv) For consolidation analyses where nonlinear material 
stress-strain behaviour is included an incremental 
solution technique is required. The author has devised 
a method for solving for both incremental displacements 
and excess pore pressures. The authoi's method requires 
, less computational effort than the other methods shown 
in Section 5.8.1 because the external loading vector is 
simply zeroed when a new tangential stiffness matrix is 
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evaluated. A further saving in computational effort 
may be realised if, the permeability remains constant. 
In this case the contribution to the right hand side 
of the continuity-equation may be obtained by factoring 
and accumulating vectors that have already been evaluated. 
8.3.3 Material Nonlinearity, Creep and Consolidation Combined 
The effects of combining nonlinearity of the soil skeleton and 
creep behaviour with consolidation have been studied using the material 
parameters of San Francisco Bay Mud and compared to a linear elastic 
solution. The following conclusions may be drawn from the analyses. 
(i) The inclusion of plastic behaviour resulted in greater 
settlements over the elastic solution. 
(ii) The inclusion of creep behaviour resulted in a marked 
increase in settlements over the nonlinear solution. 
(iii) The inclusion of plastic behaviour resulted in a slower 
build up (and a lower peak value) of excess pore pressures 
after loading was complete over the linear analysis but, 
more importantly, showed that the excess pore pressures 
take longer to dissipate during the middle and later 
stages of the consolidation process. 
(iv) The inclusion of creep behaviour resulted in increased 
values of peak excess pore pressures (at a later time) and 
these excess pore pressures take longer to dissipate 
compared to the nonlinear consolidation analysis. 
(v) Creep settlements may be significant compared to 
consolidation settlements depending on the material and 
creep behaviour may cause heave along part of the surface 
r 
distant from the loading. 
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(vi) Consolidation and creep effects are in opposition with 
respect to horizontal displacements below the edge of 
a strip load, consolidation causing an inward movement 
and creep causing. an outward movement. Care may therefore 
be needed when analysing in-situ horizontal displacement 
records if it is known. that the underlying material is 
prone to creep. 
8.4 FIELD COMPARISON 
'Undrained', 'drained' and coupled consolidation analyses were 
performed by the author and comparisons made with the measured values of 
displacements and excess pore pressures taken from the supporting soils 
of experimental embankment. B at Cubzac-les-Ponts near Bordeaux in France. 
The measured values are given in the reports by Dang and Magnan (1977) 
and Belkeziz and Magnan (1982). The analyses showed that the in-situ 
behaviour lay in between the 'undrained' and 'drained' idealisations and 
that a coupled consolidation analysis is useful in predicting trends of 
settlement and excess pore pressure dissipation behaviour. Conclusions 
arising from the comparison of measured displacements and excess pore 
pressures with. those calculated by the author's coupled consolidation 
analysis are listed below. 
(i) Centreline surface settlements were underestimated by 
approximately 15%. 
(ii) Horizontal displacements at profile 7K'(8 m from the 
embankment centreline) were predicted satisfactorily 
near the surface but were underestimated at greater 
depths. 
(iii) Excess pore pressures were predicted satisfactorily 
for approximately the first 600 days and thereafter 
underpredicted. 
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Improvements in the accuracy of the finite element predictions 
may.. have been possible if: 
(i) -the in-situ value of the coefficient of earth pressure 
at rest, Ko, was determined by measuring horizontal 
stresses and not assumed; 
(ii) creep parameters of the underlying. soils were measured; and 
(iii) data regarding the variation of permeability with stress 
level or void ratio were available so that constant 
values of permeability need not be assumed. 
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APPENDIX A 
USER'S GUIDE TO THE AUTHOR'S PROGRAMS 
A. 1 INTRODUCTION 
The software package used by the author is the Genesys System 
Version 2.6*. This software provides a framework for inputting and 
outputting data and allows subsystems to be defined that are specific to 
the user's requirements (such as for finite element applications). The 
subsystem the author has used and expanded is referred to as the LUFE 
subsystem (Loughborough University Finite Element subsystem). 
The general form of a computer run (an example of which is given 
at the end of this appendix) is a declaration of data tables (e. g. stating 
co-ordinates, material parameters, boundary conditions, etc. ) followed by 
a master or controlling segment consisting of a list of commands which 
dictate the order in which the data tables are to be read and the order in 
which the relevant subprograms within the subsystem are to be enacted. 
For example, the command necessary to read a table of co-ordinates called 
'COORDS' is: 
USE 'COORDS' 
Such a command is called a problem oriented command because its form is 
defined within the user's subsystem. The master segment may also contain 
IF-statements and DO-loops. More details on the points mentioned above 
may be obtained in the Genesys Centre Reference. Manual (1972) and the 
subsystem user guide, Computer Program : LUFE (1979). 
A computer run may be halted between commands and saved on file 
and restarted at a later date. This is advantageous, especially if the 
* Genesys Limited, Loughborough, Leics., U. K. 
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job is large, but also because it allows the output to be scrutinised 
at leisure before continuing with the next stage of the analysis. Such 
a process also enables data variables to be altered between the stages 
of an analysis. For example, the command sequence for an elasto-plastic 
analysis with creep shown in Section A. 4.1 shows that the nonlinear solution 
is deemed to have converged if the norm of the residual load vector, A, is 
less than a tolerance value of 1.0. During any stage of an analysis the 
tolerance may be changed or even the norm based on volumetric strain, E, 
substituted for A in the convergence criterion. 
A. 2 GENERAL INFORMATION 
The user must choose his own set of units for the data and be 
consistent with all derived units. For example, if kilonewtons (kN) and 
metres (m) are used for force and length, respectively, then stresses and 
pore pressures must be stated in kN/m2 units. This point is important 
in consolidation and creep analyses where the unit of the time step size 
must be consistent with the unit of time used in the values of permeability 
and creep strain rate at unit time for the material. The sign convention 
used is that tension is positive. Therefore 'positive' pore pressures in 
a geotechnical sense are negative in this set of programs. 
The mutually perpendicular (and positive sense of) the x- and y-axes 
are chosen by the user and the sense of anti-clockwise is shown in Figure 
3.1. When defining the nöde numbers in an element they must be stated in 
an anti-clockwise sense starting from a corner (e. g. as shown in Figure 3.1). 
The LUFE subsystem user guide shows how the material properties 
are input in conjunction with the nodal connectivity data. The author's 
program requires seventeen parameters to be input in the following order: 
v1, N, r, x- , k, M, Ka, kx, ky, a, m, A, ti, Gmin, ýnax 
Cmax, OCR, yW 
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The first parameter is a dummy variable used whilst testing computer code 
to obtain extra output. When not required the parameter should be set to 
zero (see the example of Section A. 5). The elements used to model 
nonlinear behaviour must appear in one table and must be the first table 
of elements to be read when other elements with purely elastic behaviour 
are included in an analysis. 
A. 3 PROBLEM ORIENTED COMMANDS 
Below is a list of problem oriented commands that have been added 
to the LUFE subsystem by the author. The list of commands complements 
those commands given in the LUFE subsystem user guide and have been 
presented here in a similar format. Items in the commands written either 
in lower case or between quotes refer to data that must be specified by 
the user and their meaning is described below each command. 
A. 3.1 PROBLEM TYPE IS 'type' DOF i 
This command causes certain initialisation routines to be performed 
and ensures that the correct overlay is entered when stiffness matrices 
and stresses are subsequently calculated. 'type' must be 'SOIL' to utilize 
the author's programs and i refers to the number of degrees of freedom 
per node. 
A. 3.2 USE 'title' AS MODULI 
There are two methods of obtaining the 2 x2 Gauss point values of 
bulk and shear moduli used by the author. This optional command simply 
reads a table (in the form of a load table) of nodal values of bulk and shear 
moduli (in that order) and is primarily intended for linear analysis where 
the values remain constant. The interpolation of the values to the Gauss 
points occurs when the initial stresses are similarly interpolated (see 
next command). The other method of moduli determination involves calculating 
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the moduli from the stress levels and specific volumes (see Section A. 3.5). 
A. 3.3 INITIAL STRESS 'title` WITH TIME v 
This command must follow the reading of the tables of co-ordinates, 
supports, nodal connectivity data and material parameters. The table 'title' 
contains the values of initial stresses for each node in the sequence 
4, ßy, ßz, 71 (for consolidation analyses the pore pressure, ir, must be 
omitted). The table has the same form as a table of loads. Having obtained 
the values of initial stresses at the nodes they are then interpolated 
(along with any values of moduli) to the 2x 2 Gauss points using the nodal 
shape functions. Using the material parameters and overconsolidation ratio 
for each element the initial values of specific volume at each Gauss point 
are obtained (see Section 4.4.1). v is the starting value of time for the 
analysis. For creep analyses this value must not be zero (see Section 
4.3.2). 
A. 3.4 
CALC K FOR ELEMENTS 'title', 'title', ... 
ýi 
\\WITH 
vl, V2, v3 
This command causes the stiffness matrices for the elements to be. 
calculated. For consolidation analyses the parameters v1, v2, v3 must be 
introduced and refer to the values of the interpolation factor, time step 
size and weighting of the finite element equations, respectively. 
T 
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A. 3.5 RESIDUAL FORCES i AND NORMS vl v2 ýi" 
ý" CALCULATE MODULI 
---T 
FOR ALL ELEMENTS AND FACTOR BY vl AND v2 
CREEP TIME INCREMENT vl NORM V2 LOAD 
LCASE 
i INTERPOLATION FACTOR v3 -ýI 
This command initiates a loop through all the elements and three 
different types of calculation may be performed on each. In nonlinear 
applications the residual forces are built up element by element and added 
to the loads in the vector corresponding to load case i. At the same time 
the 2 x2 Gauss point stresses are accumulated (i. e. the values for the 
increment are added to the values at the beginning of the increment). The 
values vl and v2 are returned by the program and contain the sum of the 
magnitude of the entries in the residual force vector and the sum of the 
magnitude of the residual volumetric strains, respectively. The two 
different norms are produced so that the user may decide which one to 
incorporate in the convergence criteria. 
When calculating moduli the 2x 2 Gauss point values are obtained 
as outlined in Section 4.3.1(iv). The bulk and shear moduli may be 
multiplied by factors vi and v2, respectively. 
For creep analyses v1 represents the time step size and is used by 
the command to calculate the creep strain increments for the time step 
from the creep strain rates. Treating these creep strains as residual 
strains, v2 (returned by the program). is the sum of the magnitude of the 
entries in the corresponding residual load vector which is added to load 
case i. When calculating the creep strain rates during a time step the 
value v3 (between 0 and 1) allows the value of time at the beginning 
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(v3 = 0) or end (v3 = 1) of the time step to be used in Equation (4.21). 
A. 3.6 INCREMENT TIME v 
This command introduces a time step of size v into a consolidation 
analysis. The 'flow' contributions to the external load vector (see 
Equations (5.15)) are calculated and combined ready for a re-solution which 
will yield the displacements and excess pore pressures at the end of the 
time step. If v is zero then the command takes on a special meaning. Such 
a value implies that the stress-dependent bulk and shear moduli are to be 
recalculated. In accordance with Equations (5.26) the vectors of load 
cases 6, land 9 (see Section A. 4.2 for the functions of each) are zeroed 
and the vector of load case 8 updated to contain [K2](tn){'T(tri-1))- 
A. 3.7 AVERAGE SOLUTION VECTORS 
This command causes the first two solution vectors of a consolidation 
analysis to be averaged and the analysis to be continued at the average value 
of time (see Section 5.6.1). The first two time steps must be of equal size. 
A. 3.8 STRESSES 
DISPLACEMENTS FOR CASE i 
ACCUMULATE PRINT 
CLEAR ARRAYS 
AND 
This command is largely self-explanatory and is used at the end of 
an increment of load. The stresses referred to, however, are the nodal 
average stresses only, the Gauss point stresses having been accumulated 
automatically when residual forces are calculated. The command with PRINT 
gives the nodal values of direct and shear stresses, pore pressure and 
displacements. The command with CLEAR ARRAYS causes the accumulated Gauss 
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point and nodal stresses to become the initial values for the next 
increment of load. Also, the values of accumulated plastic strains are 
zeroed in preparation for the next load increment. 
A. 3.9 STATE ACCUMULATIONS 
This command is used at the end of an increment of load and causes 
printout of the nodal values of direct and shear stresses, pore pressures 
and displacements followed by the Gauss point values of q', p', v, p' and 
yield function. 
A. 4 COMMAND SEQUENCES 
Examples of the sequence of commands necessary to carryout elasto- 
plastic, creep and consolidation finite element analyses are shown below 
to clarify-'the use of the problem oriented commands stated above. The 
examples follow the procedures stated in the flowcharts of Figure 4.14 and 
Figure 5.8 and the extension to nonlinear consolidation analysis is also 
shown. The tables referred to are defined in the example of Section A. 5. 
A. 4.1 Elasto-Plastic Analysis with Creep 
PROBLEM TYPE IS 'SOIL' DOF 2 
USE 'COORDS', 'SUPPORTS', 'QUAD8SM' 
DAYS = 7.0 
INITIAL STRESS 'STRESSES' WITH TIME DAYS 
DTIME = 1.0 
DO1INC=1,5 
FOR ALL ELEMENTS CALCULATE MODULI 
CALC K 
ASSEMBLE AND REDUCE 
USE 'LOADS' AS CASE 1 
SOLVE FOR CASE 1 
PRINT NO STRESSES FOR ELEMENTS 'QUAD8SM' FOR CASE 1 
(contd. ) 
fi 
This command causes stresses to be calculated but not printed. 
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DO 2 ITER = 1,20 
FOR ALL ELEMENTS RESIDUAL FORCES 1 AND NORMS AE 
IF (E. EQ. 0.0) TO TO 3 
SOLVE FOR CASE 1 
PRINT NO STRESSES FOR ELEMENTS 'QUAD8SM' FOR CASE 1fi 
IF (A. LT. 1.0) TO TO 3 
2 CONTINUE 
3 ACCUMULATE STRESSES AND DISPLACEMENTS FOR CASE 1 AND CLEAR ARRAYS 
STATE ACCUMULATIONS 
DO 4 ICRP = 1,10 
FOR ALL ELEMENTS CREEP TIME INCREMENT DTIME ... 
NORMS. AE LOAD CASE 1 INTERPOLATION FACTOR 0 
SOLVE FOR CASE 1 
PRINT DISPLACEMENTS FOR CASE I 
PRINT NO STRESSES FOR ELEMENTS 'QUAD8SM' FOR CASE 1t 
DTIME = DTIME*1.2 
4 CONTINUE 
1 CONTINUE 
A. 4.2 Linear Consolidation Analysis 
See the master segment in the listing under Section A. 5.1 for these 
commands. 
Some extra remarks regarding the author's method of consolidation 
analysis are necessary here. Because of the number of different contributions 
that go towards making the right hand side vector of Equations(5.15) the 
author has reserved specific load cases for each type of. contribution as 
follows: 
Load case Function 
1 [C]T{u(tn-1)} + dt(1 - a)[K21{T' (tn-1)} 
2,3 {M3(tn-1)} 
9 
{P13(tn)} 
4,5 {Q(tn_l)}' {Q(tn)} 
6,7 {T(tn_1)}, {T(tn)} 
8 [K2](tn) {7T(tn_1)) (see Equations(5.26)) 
9 Residual forces in nonlinear analyses 
10 Requisite summation of load cases 1 to 9. 
t 
This command causes stresses to be calculated but not printed. 
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A. 4.3 Nonlinear Consolidation Analysis 
PROBLEM TYPE IS 'SOIL' DOF 3 
USE 'COORDS', 'SUPPORTS', 'QUAD8SM' 
DAYS = 0.0 
INITIAL STRESS 'STRESSES' WITH TIME DAYS 
USE 'LOADS' AS CASE 6 
USE 'LOADS' AS CASE 7 
USE 'DUMMY' AS CASE 10 FOR DISPLACEMENTS 
ALPHA = 2.0/3.0 
DTIME = 10.0 
WEIGHT = 1000.0 
DO I INC=1,5 
FOR ALL ELEMENTS CALCULATE MODULI 
CALC K WITH ALPHA, DTIME, WEIGHT 
ASSEMBLE AND REDUCE 
N= 1O' 
DO2I=1, N 
INCREMENT TIME DTIME 
SOLVE FOR CASE 10 
PRINT NO STRESSES FOR ELEMENTS 'QUAD8SM' FOR CASE 10 
DO 3 ITER = 1,20 
FOR ALL ELEMENTS RESIDUAL FORCES 9 AND NORMS AE 
IF(E. EQ. O. O) GO TO 4 
SOLVE FOR CASE 10 
PRINT NO STRESSES FOR ELEMENTS 'QUAD8SM' FOR CASE 10 
IF(A. LT. 1.0) GO TO 4 
3 CONTINUE 
4 PRINT DISPLACEMENTS FOR CASE 10 
2 CONTINUE 
ACCUMULATE STRESSES AND DISPLACEMENTS FOR CASE 10 AND. CLEAR ARRAYS 
INCREMENT TIME 0 
STATE ACCUMULATIONS 
1 CONTINUE 
208 
A. 5 EXAMPLE OF INPUT DATA 
This example problem is that of one-dimensional 'linear consolidation 
and the input data is shown in Section A. 5.1. The finite element mesh used 
is shown in Figure 6.15. In that figure the reference y-axis shown was 
used for the presentation of results only. The y-axis used to define the 
co-ordinates is in the opposite direction, the x-direction is from left to 
right and the origin of axes is the bottom left hand corner. of the mesh 
(designated as node 1). The mesh. is numbered from left to right and from 
bottom to top. 
Table 'QUAD8SM' gives the node numbers for each element and the 
material parameters. Tables 'COORDS' and 'QUAD8SM' show examples of data 
generation available within the subsystem. 
Table 'SUPPORTS' states the boundary conditions of the problem. 
The first line in the table restricts every node numbered from 4 upwards 
from moving in the x-direction (i. e. horizontally). The second line 
restricts movement in either direction of the nodes along the bottom of 
the mesh and the third line creates a free draining upper surface by forcing 
the excess pore pressures at the nodes there to zero. 
The command USE 'DUMMY' AS CASE 10 FOR DISPLACEMENTS causes the 
load table 'DUMMY' to be stored as a vector of displacements (i. e. the 
solution vector to load case 10). This is how the consolidation analysis 
starts with a null solution vector (see Section 5.6.1). 
The analysis has the loads applied suddenly and there are five 
different time step sizes and nine time steps within each change of time 
step size. Displacements and excess pore pressures are output for each time 
step. 
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A. 5.1 Listing of Example Problem Input Data 
*G ENESYS 
*START 'LUFE' 
JOB 'EXAMPLE PROBLEM' 
*TABLES 
NODE 
I=1,11,5) 1 
I=4,9,5) I 
I=11,21,5) I 
1=14,19,5) I 
I=26,46,5) I 
I=24,44,5) I 
' COORDS' 
COORDS REP ADDN FIIIALXY 
0, (I-1)/2.5 212, (I-1)/2.5 
0, (I-4)/2.5+1 112, (I-4)/2.5+1 
0, (I-11)/5. +4.2 1 2, (I-11)/5. +4 Coordinates 
0, (I-14)/5. +4.5 112, (I-14)/5. +4.5 
0, (I-26)/25. +6.2 212, (I-26)/25. +6.2 
0, (I-24)/25. +6.1 112, (I-24)/25. +6.1 
'QUAD8SM' 
NODES MATERIAL SECTION. REP ADDN 
1,2,3,5,8,7,6,4 O, AN, GAMMA, ALMDA, AKPPA, AM, AKA ... 
l Material parameters 
AKX, AKY, AFBAR, EM, A, T1, GMIN, GK, OCR, UNIZW 85f and nodal connectivity 
'SUPPORTS' 
NODES SPRINGS 
I=4,44,5) 1,1+1,1+2,1+3,1+4 -1,0,0 
1,2,3 -1, -1,0 Boundary conditions 
46,47,48 0,0, -1 
'MODULI' 
NODE VALUES 
I=1,48) I BMOD, SMOD' 
'STRESSES' 
NODE VALUES 
I=1,48) I SIGX, SIGY, SIGZ 
' LOADS' 
NODE VALUES 
46 0, -1. *ULOAD/6., 0 
47 0, -4. *ULOAD/6., 0 
48 0, -1. *ULOAD/6., 0 
' DU, '-V"IY' 
NODE VALUES 
I=1,48) I 0,0,0 
} Nodal moduli 
} Initial nodal stresses 
Nodal loads 
) Dummy load case 
*MASTER 
PROBLEM TYPE IS 'SOIL' DOF 3 
AN=2.14264 
GAMMA=2.03925 
ALMDA=0.1012 
AKPPA=0.0095 Declaration of variables 
AM=1.25 in tables above 
AKA=0.0 
AKY=1 E- 7 
AKX=AKY 
(Contd. ) 
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AFBAR=1.134 
V-1=0 -86 
A=3.73372E-04 
T1=1. P 
GMIN=110.4 
GK=3.0/14.0 
OCR=1. ® 
IWTTw=U RI Declaration of 'variables 
K0=1.0' 
vy in tables above 
B'"70D=2000.0 
SMOD=30 ©0.0 
SIGY= 150 
SIGX=KO*SIGY 
SIGZ=SIGX 
ULOAD=100.0 
DAYS=0.0 
USE 'COORDS', 'SUPPORTS', 'QUAE8SM' 
USE 'MODULI' AS MODULI 
INITIAL STRESS 'STRESSES' WITH TIME DAYS 
USE 'LOADS' AS CASE 6 
USE 'LOADS' AS CASE 7 
USE 'DUMMY' AS CASE 10 FOR DISPLACEMENTS 
ALPHA=2.0/3.0 
DTIME=100.0 
WEIGH7=1000.0 
N=10 
DO 1 J=1,5 
CALC K WITH ALPHA, DTIME, WEIGHT 
ASSEMBLE AND REDUCE. 
T V, % 7 T-1 10 
Reading of `.. 
data tables 
u) £ i-1 r iv 
INCREMENT TIME DTIME Time increment 
SOLVE FOR CASE 10 loop with a 
PRINT DISPLACEMENTS FOR CASE 10 constant time 
2 CONTINUE step size 
N=9 
DTIf4E=DTIME*10.0 
1 CONTINUE 
*FINISH 
*EXIT 
Time increment 
loop with a 
varying time 
step size 
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ATflr KTTTV T 
PROGRAMMER'S GUIDE TO THE AUTHOR'S PROGRAMS 
B. 1 INTRODUCTION 
This appendix briefly explains the form of a subsystem and the 
particular additions to the LUFE subsystem made by the author. The programs 
for elasto-plastic, creep and consolidation analyses are explained below 
and listed in Appendix C. More detailed information on the Genesys System, 
subsystems, and the programming language, GENTRAN, can be obtained from 
the Genesys Reference Manual (1972). 
B. 2 A GENESYS SUBSYSTEM 
Each subsystem comprises one or more 'overlays' and each overlay 
consists of a number of subprograms. Each overlay is enacted when a 
particular command is used in the master segment of a computer run. The 
command not only dictates which overlay is used but also the position in 
which it is entered. The entry position is a subprogram declared as an 
'entry' subprogram. Other subprograms within the overlay may then be 
called from the entry subprogram. When the computer exits from an overlay 
the next one is activated as required by the next command. Data can be 
passed between overlays by declaring such variables as desired in a PUBLIC 
block which is similar to a COMMON block in FORTRAN. 
B. 3 ADDITIONS TO LUFE 
The author has added three overlays to the LUFE subsystem and 
these are stated below along with the subprograms contained therein. 
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Overlay title: 'SOIL2' 'SOIL3' 'NONLIN' 
Subprograms: STIF STIF ALLELMS 
STRS STRS ACCUM 
PREP1 CONSOL INITIAL 
PREP2 AVERAGE WRITE 
QUAD8 PREPI FLOWPL 
QXSM8 PREP2 CREEP 
SHP8 QUAD8 RESDFOR 
EXTRAPOL QXSM8 THEOSPV 
SHP8 INVARNT 
EXTRAPOL SHP8 
SFR8 SFR8 
PROD INTERPOL 
* entry subprograms 
'SOIL2' deals with the calculation of the element stiffness matrices 
and stresses for two-dimensional plane strain analyses with two degrees of 
freedom per node. 'SOIL3' performs'a similar function for elements with 
three degrees of freedom per node (consolidation analyses) and obtains the 
right hand side vector of Equations (5.15) for each time step. 'NONLIN' 
contains the subprograms necessary for elasto-plastic and creep analyses. 
Subprograms. of the same name that appear in more than one overlay 
do not necessarily contain identical computer code. The function of each 
subprogram will be the same but the details will differ in places. For 
example, the subprogram which calculates Gauss point stresses, QXSM8, will 
also calculate excess pore pressures when there are two degrees of freedom 
per node (as in overlay 'SOIL2') but not, of course, when the excess pore 
pressures are a nodal variable as in consolidation analyses (using overlay 
'SOIL3'). 
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B. 4 PROGRAM STRUCTURES 
In the following, the program structures shown correspond to the 
command sequences stated in Section A. 4. Each program structure consists 
of a group of. subprograms and only the subprograms contained in the 
author's overlays are subsequently described. 
B. 4.1 Elasto-Plastic Analysis with Creep 
See Figure B. 1 and Section A. 4.1. 
B. 4.2 Linear Consolidation Analysis 
See Figure B. 2 and Section A. 4.2. 
B. 4.3 Nonlinear Consolidation Analysis 
See Figure B. 3 and Section A. 4.3. 
B. 5 EXPLANATION OF SUBPROGRAMS 
All of the subprograms written by the author are described below 
and listed in Appendix C. A dictionary of variable names appears in 
Appendix D. 
_ 
The overlays are taken in turn and where a subprogram is 
duplicated between overlays (e. g. SHP8) it will, of course, only be 
explained once. The order of the subprograms is that given in Section B. 3. 
B. 5.1 Overlay 'SOIL2' 
B. 5.1(i) Subprogram STIF 
This program is mainly a steering routine which calls up the relevant 
subprograms that calculate. the individual element stiffness matrices. The 
names of the available element types in this overlay are declared and 
stored in TABLE along with the number of nodes and material parameters per 
element type. ' NTAB is the number of element types available in the overlay. 
A check is made to ensure that the number of degrees of freedom per node 
is equal to 2. If this is not the case a suitable error message is printed 
and the job halted. 
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START 
INIT 
RE CO 
STA2 RESU 
REEL 
INITIAL ALLELMS 
ALLELMS 
START STIF 
ORDER 
STA4 
ASSM 
Cl. STA2 RELO 
0 
STA3 SUBST 
GPNT STRS 
v 
co INVARNT 
THEOSPV 
ALLELMS 
ö FLUW, TPL 
0 
ö RESDFOR 
a) STA3 SUBST 
41 
.a 
INTERPOL 
INVARNT 
THEOSPV 
PREP1 
PREP2 
QUAD8 
DECOMP 
PREP2 
QXSM8 
SHP8 
PREP 
SHP8 
SHP8 
EXTRAPOL 
GPNT STRS SHP8 
QXSM8 
EXTRAPOL 
Figure B. 1 Program structure for elasto-plastic analysis with creep, (contd. ) 
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aý 
u 
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0 
Figure B. 1 Program structure for elasto-plastic analysis with creep 
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START 
INIT 
RE CO 
STA2 RESU 
REEL 
STA2 RELO 
INITIALE- IALLELMS 
STA2 RELO 
F STA2 RELO 
STA2 RELO 
START STIF 
a 
0 
0 
C) ORDER 
`) STA4 
a 
AS SM 4.1 
au a 
CONSOL PROD 
to 
0 
r 
co STA3 SUBST 
r. 4 4j 
i, in 
14 Ga y 0 GPNT DISPL 41 
INTERPOL 
INVARNT 
THEOSPV 
PREP1 
PREP2 
QUADS 
DECOMP 
SHP8 
S 
STOP 
Figure B. 2 Program structure for a linear consolidation analysis 
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START 
IN LT 
RECD 
STA2 RESU 
REEL 
INTERPOL 
INITIAL ALLELMS INVARNT 
THEOSPV 
STA2 RELO 
STA2 RELO 
STA2 RELO 
ALLELMS PREP1 
START STIF PREP2 
SHP8 
QUAD8 
SFR8 
ORDER 
o STA4 
1 ASSM DECOMP 
M CONSOL PROD 
a 0 
4 0 
U STA3 SUBST 
14 W 
1 
PREP2 
GPNT STRS SHP8 
to 
0 (1) QXSM8 
INVARNT EXTRAPOL 
4. + 0 
0 
0 
'-' THEOSPV 
0 ALLELMS U) FLOWPL 
0 cd 
C) 7-t 
RESDFOR SHP8 
Figure B. 3 Program structure for a nonlinear consolidation analysis, (contd. ) 
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Figure B. 3 Program structure for a nonlinear consolidation analysis 
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Next, a loop through all the element-types: is invoked.. NTYP is 
the number of element types read from the data-tables. The name of the 
element type (NICK) and the number of such elements (NOEL) are found and 
a check to ensure that such an element type exists is made. For each 
element the node numbers (NE) and material parameters (GEOM) are obtained 
from ELEMS and the nodal co-ordinates (ELCO) obtained from the global 
array COORDS. If the element has either the wrong number of nodes or 
properties a suitable error message is printed. The element stiffness 
matrices are calculated by calls to the relevant subprograms and are 
returned as a vector in ST. 
B. 5.1(ii) Subprogram STRS 
N 
This subprogram is similar in form to STIF but deals with the 
calculation of stresses at the 2 x2 Gauss points and the nodal averages. 
NNSRS is the number of stresses calculated at a point. This value is 4 
for consolidation analyses (corresponding to ox', oy, TXy, OZ') and 5 for 
drained/undrained analyses (corresponding to a', ay, TXy, of, Tr). NNSRN 
is the number of strains calculated at a point and has a value of 4 
(corresponding to c, cy, yam, ci). The public arrays SIGMA, NUM and 
GISRS are defined to the required length and they will eventually hold the 
nodal average stresses, the number of elements contributing stresses to 
each node and the Gauss point stresses, respectively, for the load case. 
The load case numbers are held in LCSE. Each load case is taken in turn 
and the displacements taken from VALS and stored temporarily in D. ISTRS 
is a marker which dictates which types of stresses are to be calculated 
and printed. After checking that the required elements have already been 
used and that appropriate stress routines exist a loop through all the 
elements of each type is invoked. 
For each element the node numbers, material parameters and nodal 
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deflections (DE) are obtained and a'call to the appropriate stress routine 
causes the SIGMA, NUM and GISRS arrays to be suitable updated. 
When all the stresses have been calculated the nodal average values 
are obtained. 
B. 5.1(iii) Subroutine PREP1 
This subprogram interrogates the name string of an element (ITYPE) 
to identify the type of element (held in NICK). All the element stiffness 
matrices are stored in VALS and so this array is redefined to include the 
number of elements used of type IT. The node numbers for each element are 
stored in NS and so this array is similarly redefined. If an element type 
is used that had not been used previously when calculating stiffness 
matrices the VALS and NS arrays are suitably expanded. 
B. 5.1(iv) Subroutine PREP2 
This subprogram determines the number of nodes and material properties 
an element has (stored in ELEMS) then proceeds to obtain the node numbers 
(NE) and material parameters (GEOM). The co-ordinates of each node in the 
element (ELCO) are obtained from the global nodal co-ordinate array COORDS. 
When this routine is called by STIF (when L= 0) space is reserved in VALS 
to accommodate the storage of the node numbers, material parameters and 
stiffness matrix for the element concerned. 
B. 5. l(v) Subroutine QUAD8 
This subprogram calculates the stiffness matrix for an eight-noded 
isoparametric quadrilateral finite element using 'reduced' integration 
having two degrees of freedom per node and assuming unit thickness. BULKA 
contains the value of KA, the 'apparent' bulk modulus (which is zero for 
'drained' analyses). BMG and SMG hold the Gauss point values of the bulk 
and shear moduli, respectively, for the elements which are obtained from 
the global arrays BULK and SHEAR, respectively. ES will hold the stiffness 
matrix and so it is first zeroed. 
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The Gauss points are numbered in an-anti-clockwise manner from 
the one nearest the local element node number 1-(see Figure 3l). "A loop 
is invoked through all the Gauss points and a call to subprogram SHP8 
obtains the components of the [B]-matrix (Equation (3.2)) which are held 
in B and the determinant of the Jacobian (DET). Next the components of 
the [D]-matrix (Equation (3.3)) are obtained and the contributions to the 
stiffness matrix for the integrating point are calculated and accumulated 
in ES. The form of the stiffness matrix is shown as [K1] in Equations 
(5.12). Only the lower triangular portion of the stiffness matrix is 
calculated. When that is completed these values are copied into the upper 
triangle to obtain a symmetric matrix. 
B. 5.1(vi) Subroutine QXSM8 
This subprogram calculates the effective stresses at the 2 x2 Gauss 
points and extrapolates them in a bilinear fashion to nodal values. NNSRS 
and NNSRN are the number of stresses and strains calculated at a point. 
BULKA is the value of the 'apparent' bulk modulus, KA. BMG and SMG hold 
the Gauss point values of bulk and shear moduli, respectively. ISTRS is 
a marker which dictates which stresses are to be calculated and printed. 
IEPOSS and IEPOSN locate the position of the Gauss point stresses and 
strains for the element held in the global arrays GISRS and GISRN, 
respectively. GISRS and GISRN hold the Gauss point stresses and strains 
for the current load case. Next a loop through all the Gauss points is 
invoked. For each Gauss point: 
i) the elements of the [B]-matrix are obtained (B) along. 
with the value of the determinant of the Jacobian (DET); 
ii) the elements of the [D]-matrix are evaluated; 
iii) the values of Young's modulus (YOUNG) and Poisson's ratio 
(PRAT) are evaluated;. 
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iv) the values of direct and shear strains are evaluated 
(EPSX, EPSY, EPSXY); 
v) IGPOSS and IGPOSN locate the position of the stresses 
and strains, respectively, for the Gauss point in the 
arrays GISRS and GISRN, respectively; 
vi) the direct and shear stresses for the load increment 
are evaluated taking into account any plastic strains 
which may be present (GIPSRN) and the value of excess 
pore pressure obtained by multiplying BULKA by the 
volumetric strain (EPSX + EPSY); 
vii) GTINVAR(8, IGAUS, IELEM) holds the value of total volumetric 
strain at the Gauss point IGAUS of element number IELEM 
previous to the current load case and EVOL is the current 
total volumetric strain at the Gauss point since the 
applied loading began (for nonlinear elements only); 
viii), GTINVAR(7, IGAUS, IELEM) holds the initial value of specific 
volume and GTINVAR(3, IGAUS,. IELEM) holds the current value 
of specific volume (for nonlinear elements only); and 
ix) the stresses are copied into a. local array SG ready for 
extrapolation nodal values. 
Next the Gauss point stresses (SG) are extrapolated to nodal values 
(SN) which are output if required and which are added to SIGMA. 
i 
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B. 5.1(vii) Subprogram SHP8 
This subprogratn'calcülates the derivates of the-nodal shape functions 
with respect to the global axes'(i. e. the elements of the [B]-matrix) which 
are held in B as well as the determinant of the Jacobian (DET). 
ZE, ET are the ý, p co-ordinates of a point, respectively. - ZI , EI 
contain the values of El, ni, respectively, which are the ß, n co-ordinates 
of the nodes (i = 1,8). A contains the derivatives of the nodal shape 
functions with respect to the local axes. ACOB contains the values of the 
Jacobian and BACO contains its inverse. If DET is zero an error message 
followed by the element node numbers and co-ordinates are printed. MARK(12) 
is set to 1 which will halt the job at a later stage. 
B. 5.1(viii) Subprogram EXTRAPOL 
This subprogram extrapolates Gauss point values (VGIN) to nodal 
values (VNOUT) in a bilinear fashion. The maximum number of values per 
Gauss point, NVALS, is 5. For details of the extrapolation procedure see 
Hinton and Campbell (1964). 
B. 5.2 Overlay 'SOILS' 
B. 5.2(i) Subprogram STIF 
This, subprogram is identical to the subprogram of the same name in 
overlay 'S0IL2' in all but one respect. That is, a check is made to ensure 
that the number of degrees, of freedom per node is equal to 3. If this is 
not the case a suitable error message is printed and the job halted. The 
relevant changes in computer code are shown in Appendix C. 
B. 5.2(ii) Subprogram STRS 
This subprogram is identical to subprogram STRS in overlay 'SOIL2' 
in all but two respects. These are that: 
i) GEOM is not included as an argument in the call to 
subprogram QXSM8; and 
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ii) when printing the nodal average stresses there are only 
four values to be output per - node. "*- 
The relevant changes in computer code are shown in Appendix C. 
B. 5.2(iii) Subprogram CONSOL 
This subprogram is basically responsible for incrementing the value 
of time (held in ZZJJB(11)) in a consolidation analysis by an amount DTM 
and calculating the 'flow' contributions to the right hand side vector of 
Equations (5.15). After incrementing the value of time the displacements 
of the previous time step are temporarily stored in vector DISP and also 
copied into the load vector of load case 11 for averaging purposes (see 
Section B. 5.2(iv)). Next a loop through all the elements is`invoked. For 
each element: 
O 
i) the stiffness matrix is recovered from VALS and stored 
temporarily in vector ST; 
ii) the element node numbers are obtained (NE); 
iii) the nodal displacements are obtained (DE); 
iv) the product [C]T{u(tn_i)1 + "t(1-a) {K2]{7r(tn_1)} is 
evaluated (CTVK2P); and 
v) the product above is added into the global vector of the 
same (VECTL). 
If DTM is greater than 10-5 then VECTL is stored as the load vector 
for load case 1 in VALS. Vectors pertaining to load cases 1 to 9 are then 
appropriately factored and summed to form the load vector for load case 10. 
(See Section A. 4.2 for the meaning of each quantity held in load vectors 
of load cases 1 to 9 and Equations (5.15) for details of their combination). 
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If DTM is less than or equal to 10-5 this signifies that the bulk 
and shear moduli are-to; be. recalculated before the next load; increment or 
time step. In accordance with Equations (5.26) the displacement vector of 
load case 10 is zeroed as are the load vectors of load cases 7 and 9; the 
load vector of load case 8 is increased by an amount [K2]{d'T(tn-1)}' 
Whatever the value of DTM the load vectors of load cases 3,5 and 7 
are copied into load cases 2,4 and 6, respectively. If the external loading 
or prescribed fluxes are to change vectors of load cases 3,5 and 7 will be 
prescribed anew. 
B. 5.2(iv) Subprogram AVERAGE 
This subprogram simply averages two solution vectors. -. The solution 
vector of load case 10 is always copied into the load vector of load case 
11 (in subprogram CONSOL). These two vectors are averaged, the result 
stored as the solution vector of load case 10 and the value of time (held 
in ZZJJB(11)) halved. For this reason the first two time steps must have 
the same time step sizes if the analysis is intended to restart after the 
first time step. 
B. 5.2(v) Subprogram PREP1 
See subprogram PREP1 in overlay 'SOIL2'. 
B. 5.2(vi) Subprogram PREP2 
See subprogram PREP2 in overlay 'SOIL2'. 
B. 5.2(vii) Subprogram QUAD8 
This subprogram calculates the stiffness matrix for an eight-noded 
isoparametric quadrilateral finite element with three degrees of freedom 
at each node (i. e. a quadratic variation of both displacements and excess 
pore pressures) and assuming unit thickness. 
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PERM and PERMY are the permeabilities in the x- and y-directions, 
respectively, . divided by the - unit lweigh't -of water. -'lALPHA is the value of 
the interpolation factor, a, in consolidation analyses, DTIME is the time 
step size and 1'EIGHT is the value of the weighting factor of the equations 
used to avoid ill-conditioning problems. BMG and SMG hold the Gauss point 
values of bulk and shear moduli, respectively. ES will. hold the element 
stiffness matrix and so it is first zeroed. In a similar fashion to 
subprogram QUADS in overlay 'S0IL2' a loop through all the Gauss points is 
invoked and the stiffness matrix is built up according to the definitions 
of [K1], [K2] and [C] in Euqations (5.12) and taking into account the 
weighting procedure of Equations (5.27). Only the lower triangular portion 
of the stiffness matrix is calculated. When that is completed these values 
are copied into the upper triangle to obtain a symmetric matrix. 
B. 5.2(viii) Subprogram QXSM8 
This subprogram is identical to subprogram-QXSM8 in overlay 'SOIL2' 
in all but the following respects: 
i) the array GEOM is not included as an argument to the 
subprogram; 
ii) the horizontal and vertical nodal displacements (UI, VI, 
respectively) are divided by the weighting factor, 
WEIGHT; and 
iii) the excess pore pressures at the Gauss points are not 
calculated. 
B. 5.2(ix) Subprogram SHP8 
See subprogram SHP8 in overlay 'SOIL2'. 
B. 5.2(x) Subprogram EXTRAPOL 
See subprogram EXTRAPOL in overlay 'SOIL2'. 
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B. 5.2(xi) Subprogram SFR8 
This subprogram evaluates the nodal shape functions (SHFN) at the 
g, n co-ordinates (Z, T, respectively). 
B. 5.2(. xii) Subprogram PROD 
This subprogram calculates the product [C]T{u(tn_l)} + pt(1-a)[K2]{n(tn-1)} 
for an element (see Equations (5.15)) and returns it in CTVK2P. 
B. 5.3 Overlay 'NONLIN' 
B. 5.3(i) Subprogram ALLELMS 
This subprogram invokes a loop through all the elements and a variety 
of functions are performed depending on the clauses following the. command 
that caused entry to this subprogram. These functions are set out below. 
(i) If INITL is equal to 1 then the subprogram has been called 
by subprogram INITIAL (otherwise its value is zero) and 
therefore the initial state of the soil has to be determined 
and Gauss point moduli obtained. A loop through all the 
elements. is invoked and for each element: 
(a) the node numbers, material parameters and co-ordinates 
obtained; 
(b) the nodal values of bulk and shear moduli (WIN and SMN, 
respectively) are obtained, interpolated to the Gauss 
points and stored in the global arrays BULK and SHEAR; 
(c) if the element is required for linear purposes only 
(for example, the author has used elastic elements to 
simulate an embankment) then no more needs to be done to 
it; 
(d) if the element is required for nonlinear purposes. then 
the nodal initial stresses (SRSILN) are interpolated to 
Gauss point values (EGSRS), stored in GILSRS and GTSRS 
and the stress invariants determined. Using the-value 
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of overconsolidation ratio (OCR) the value of pc (PC) 
is obtained (see Equation, (4.26)) and the initial' 
specific volume (V) calculated via Equations (4.2) and 
(4.27) ; 
(e) the values of yield function (YF) and equivalent 
pressure, pe (PE), are calculated and if YF is greater 
than zero a suitable message is printed; and 
(f) finally, the invariants are stored in the global array 
GTINVAR. 
When all the elements have been processed in this way ZZJJB(10) 
is set to zero signifying that the initial conditions of all 
the elements in the mesh have been obtained. 
ii)' If the number of the clause (NCL) is 1 then residual forces 
are calculated for all the nonlinear elements. The load 
case(s) to which the loads are to be added are obtained 
(LCSE) and the global residual load vector (RELOAD) zeroed. 
For each element the node numbers, material parameters, 
co-ordinates, Gauss point moduli and values of the Gauss 
point stresses and stress invariants at the end of the previous 
solution are obtained and the Gauss point stresses accumulated. 
For each Gauss point: 
(a) the stress invariants are calculated from the values of 
accumulated Gauss point stresses and the state point 
checked to see if it has yielded; 
(b) if the state point has not yielded, then the next Gauss 
point is considered; 
(c) if the state point has yielded and is 'dry' of 'critical 
states' a suitable warning is printed and no. further action 
is taken (i. e. as if the Gauss point had not yielded); 
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(d) if the state point has yielded and is 'wet' of critical 
statesthen the amount-of volumetric plastic strain tobe 
introduced back into the soil is calculated as outlined 
in Section 4.3.1(ii) and the norm based on the volumetric 
plastic strain (EVNORM) increased; and 
(e) the volumetric strain is apportioned into direct and shear 
strains via an associated flow rule and stored in the 
vector of plastic strains (GRSIDN) and added into the 
global vector of the same (GIPSRN). 
If at least one Gauss point has yielded (i. e. YIELD > 0) then 
the corresponding residual forces are calculated and added into 
RELOAD. When all the elements have been processed the global 
residual load vector (RELOAD) is added to the required external 
load vector(s) and the norm based on load (ANORM) is calculated. 
iii) If the number of the clause is 2 then the bulk and shear moduli 
for all the nonlinear elements are calculated and factored (via 
FACTK and FACTG) if required. For each element the node numbers, 
material parameters and co-ordinates are obtained. For each 
Gauss point the bulk and shear moduli are calculated as laid 
out in Section 4.3. l(iv) and a suitable message is printed if 
the minimum value of shear modulus (GMIN) is obtained; 
iv) If the number of the clause is 4 then creep behaviour is being 
considered. The value of time step size is obtained (DTIME) 
and the load case vector(s) to which the equivalent loads are 
to be added is (are) obtained along with the interpolation 
factor (ALPHA). A flag to indicate that creep behaviour is 
being considered (ICREEP) is set to 1 and'the element loop 
entered with the number of the clause set to 1. The same 
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procedure is then followed as for the case of_residual load 
calculation with the exceptions -that-"(a) 'no -increment of '- 
plastic volumetric strain is calculated and (b) the subprogram 
enacting the flow rule for creep strains (see Equations 
(4.22) and (4.25)) is called instead of the subprogram 
enacting the flow rule for plastic strains. Finally, the value 
of time (ZZJJB(ll)) is incremented by an amount DTIME unless 
the analysis is a consolidation analysis (NFREE=3). 
B. 5.3(ii) Subprogram ACCUM 
This subprogram is responsible for accumulating certain quantities, 
zeroing others and printing stresses and displacements. 
DISP is a local array used to store displacements for the load 
increment., ISRS and ISRN are the lengths of the vectors containing Gauss 
point stresses and strains, respectively. If no weighting factor has been 
prescribed-(i. e. WEIGHT=O) then it is set to 1. 
Next the number of the clause (NCL) following the command which 
caused entry to the subprogram is obtained. Depending on the value of NCL 
one of the following may happen: 
i) if NCL equals 1 then the nodal average stresses are 
accumulated; 
ii) if NCL equals 3 then the displacements for load case LC 
are put into vector D, divided by the weighting factor and 
stored in DISP and then the entries in vector D zeroed. 
If NFREE equals 3 then the excess pore pressures are stored 
in DISP. The displacements (and excess pore pressures if 
they exist) are accumulated in TDISPL; 
iii) if NCL equals 5 then a suitable heading is printed followed 
by the nodal values of direct and shear stresses, excess 
pore pressure and displacements; and 
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iv) if NCL equals 6 then the vector of. accumulated nodal average 
stresses (STRESS) -becomes the: initial -nodal -"; -- 
average stresses for the next load increment and similarly 
with the equivalent Gauss point stresses (GTSRS and GILSRS, 
respectively). Next the vector of Gauss point plastic 
strains (GIPSRN) is zeroed and the value of the total 
volumetric strain for each Gauss point is stored in 
GTINVAR(8, IGAUS, IELEM). 
B. 5.3(iii) Subprogram INITIAL 
This subprogram is a general initialization routine which initializes 
certain public variables, sets up arrays to the required size,. reads a table 
of initial stresses and performs calculations to ascertain the initial state 
of the soil. The meaning of, the public variables and arrays may be obtained 
from Appendix D.. 
NUMEL is the number of elements that will have their Gauss points 
monitored for nonlinear behaviour. NELEM is the total number of elements. 
NINV is the number of invariants stored per Gauss point. 
After defining the length of and initializing public variables and 
arrays the table of initial stresses is read. If the number of stresses 
given per node in the table is not equal to NV a suitable message is 
printed (NV is one less than the number of stresses stored per node in 
arrays because Tom, is assumed to be zero and therefore not read in via the 
stress table). Also, if the number of rows in the stress table is not 
equal to the number of nodes (NODS) then a suitable message is printed. 
Next the starting value of time is obtained and stored in ZZJJB(11) 
and the time step size (ZZJJB(2)) set to zero. If the analysis is 'drained' 
or 'undrained' then the subprogram is exitted here and the subprogram 
ALLELMS is entered. Otherwise (i. e. for consolidation analyses) the load 
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vectors corresponding to load cases 1 to 5 and 8 to-11 are defined to 
the required length in VALS and zeroed. Next, subprogram ALLELMS is 
entered. .: 
B. 5.3(iv) Subprogram WRITE 
This subprogram prints the accumulated nodal values of direct and 
shear stresses, excess pore pressure and displacements followed by the 
accumulated Gauss point values of invariants q', p', v, p' and yield 
function followed by the current value of time. 
NODS is the number of nodes-in the finite element mesh, NNSRS is 
the number of stresses per node and NFREE is the number of degrees of 
freedom per node. A suitable heading is printed and a loop through all 
the nodes is invoked. If NFREE is equal to 3 then the value of excess pore 
pressure is taken from the vector of accumulated displacements (TDISPL) 
and given to the address P14P. If NFREE is equal to 2 then the value of 
excess pore pressure is taken from the vector of accumulated nodal average 
stresses STRESS and given to PWP. The nodal values are then printed. 
GTINVAR holds the accumulated values of specific stress and strain 
invariants. NINV is the number of such values stored per Gauss point. 
After printing a suitable heading a loop through all the elements is 
invoked. For each Gauss point within an element the values stored in 
GTINVAR are copied into GVAR and the first five values are printed. When 
all the elements have been so processed the current value of time for the 
analysis is printed. 
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B. 5.3 (v) Subprogram FLOW, TPL 
This subprogram uses. -the_, jlow. ruie. of Equation (2.7) to apportion 
the plastic volumetric strain increment (DEPSV) into direct and shear 
plastic strain-increments. An associated flow rule is used and so the 
plastic potential, Q, of Equation (2.7) is replaced by the yield function, 
F, of Equation (4.8). DFDSX, DFDSY, DFDSXY, DFDSZ correspond to the 
partial derivatives of the yield function with respect to stress (see 
Equations (4.14). DLAMBDA refers to dX of Equation (2.7) and the plastic 
strain increments are returned by the subprogram in DEPSX, DEPSY, DEPSXY, 
DEPSZ. - 
B. 5.3(vi) Subprogram CREEP 
This subprogram calculates the creep strain rate according to 
Equation (4.21) and uses the creep flow rule given by Equation (4.22) to 
calculate the increments of creep strain in the x-, y-, xy- and z-directions. 
ALFBA, EM, A and Ti are the creep parameters a, in, A and ti, 
respectively. ALPHA is a factor which allows the time at the beginning or 
end of a time increment to be used in Equation (4.21) to calculate the 
predicted creep strain rate (RATE). Multiplication of RATE by the time. 
step size results in the predicted creep strain (ECREEP). This strain is 
then. apportioned according to the flow rule (Equation (4.22) and Equations 
(4.25)). 
B. 5.3(vii) Subprogram RESDFOR 
This subprogram calculates the residual forces corresponding to a 
set of Gauss point residual strains (GRSIDN) for an element via a virtual . 
work integration (see Equations (3.13) and (3.14)). The global residual 
force vector is held in RELOAD. The element residual force vector is 
held in RESFOR and so this is first zeroed. Next a loop through the Gauss 
points is invoked and the elements of the [B]=matrix (held in B) and [D]- 
matrix (Dl, D2, D3) are evaluated along with the value of the determinant 
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of the Jacobian (DET). _IGPOSN 
is a marker used to. obtain the Gauss point 
strains from GRSIDN. Residual stresses are obtained from the residual 
strains according'to Equation (3.13) and integration according to Equation 
(3.14)-is carried out for the Gauss point. When the integration is complete 
the residual forces are added into the global vector RELOAD using the node 
numbers contained in NE. 
B. 5.3(viii) Subprogram THEOSPV 
This subprogram calculates the theoretical value of specific volume 
corresponding to the values of stress invariants q' and p' (Q and P, 
respectively) at a Gauss point. 
DCS is a marker which indicates whether the state point'is on the 
'wet' or 'dry' side of 'critical states'. The point is initially assumed 
to be on the wet side (DCS = 0) but if it is subsequently determined to be 
on the dry side DCS is set to 1. Next the value of the yield function 
(YF) is calculated and-a choice of three. calculations is made: 
i) if WCS is positive (implying that the state point is on the 
wet side of critical states and YF is greater than 10-3 
then work-hardening plastic behaviour is implied. The new 
value of pc (PC) is calculated according to Equation (4.9) 
and the new value of pe (PE) calculated according to 
Equation (4.11). The theoretical value of specific volume 
(VTHEO) is obtained by putting this value of pe into the 
equation of the normal consolidation line (Equation (4.2)); 
ii) if YF is less than 10-3 then the state point is assumed to be 
behaving elastically. In this case VTHEO is made equal to 
the existing value of specific volume (V). PE is then 
calculated by rearranging the equation of the normal 
consolidation line and inputting the value of V; 
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iii) if YF issgreater than 10 3, and. the state., point"lies'on; 
the dry side of critical states then the procedure Of ii) 
is instituted and DCS is set to 1. 
B. 5.3(ix) Subprogram INVARNT 
This subprogram calculates the stress invariants q' and p' from the 
direct and shear stresses according to Equations (4.13). 
B. 5.3(x) Subprogram SHP8 
See subprogram SHP8 in overlay 'SOIL2'. 
B. 5.3(xi) Subprogram SFR8 
See subprogram SFR8 in overlay 'SOIL3'. 
B. 5.3(xii) Subprogram INTERPOL 
This subprogram interpolates nodal values (VGIN) to 2 x2 Gauss 
point values (VGOUT) using the nodal shape functions. NVALS is the number 
of values per node to be interpolated and has a maximum value of 5. 
I 
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APPENDIX C 
LISTING OF COMPUTER CODE 
C. 1 OVERLAY 'SOIL2' 
*GENESYS 
*GENTRAN 'LUFE' 
COMPILE OVERLAY 'SOIL2' AS 31 
*OVERLAY 
'SOIL2' 
SUBPROGRAMS STIF, SIRS, PREP1, PREP2, QUAD8, QXSMB, SHP8, EXTRAPOL 
ENTRY STIF, STRS 
t ***************************************9t*******ýc***********ýc********** 
SUBROUTINE STIF 
rr ********************************************************************** 
PUBLIC MARK(20), KT(20), VALS(,, ), NS(,, ) 
LOCAL NE (8) GEOM (17) , ELCO (8,2) 
DIMENSION TABLE(3,10) 
INTEGER TABLE 
NTAB=l 
TABLE(1,1)='QUAD8SM', 8,17 
NTYP--klARK (11) 
NDIMEN=PtARK (2) 
NFREE=MARK(10) 
IF(NFREE. EQ. 2) GO TO 12 
ERROR 'THIS VERSION OF OVERLAY SOIL REQUIRES 2 D. O. F. PER NODE' 
STOP 
12 DO 100 I=1, NTYP 
IT--KT(I) 
CALL PREPl(IT, RkME, N0EL, NICK) 
NREF=l 
DO 300 J=I, NTAB 
IF (NICK. EQ. TABLE (1, J)) GO TO 301 
300 NREF=NREF+l 
MESSAGE 'NO STIFFNESS ROUTINE FOR ELEMENTS TYPE ', $NAME 
MARK(12)=l 
GO TO 100 
301 NNCH--TABLE(2, NREF) 
NPCH---TABLE(3, NREF) 
NG=2 
MESSAGE NG, ' xv tic" INTEGRATION USED FOR ELEMENT STIFFNESSES' 
DO 200 IELEM=1, NOEL 
CALL PREP2(IELEM, IT, NN, NE, NPARAMS, GEOýli, ELCO, O) 
IF(NN. EQ. NNCH. AND. NPARAMS. EQ. NPCH) GO TO 202 
MESSAGE 'ELEMENT TYPE ', $NAME, '. N0. ', IELEM, ' HAS EITHER 
MESSAGE 'WRONG NO. OF NODZS OR PROPERTIES' 
MARK(12)=l 
GO TO 200 
202 EQUATE 199 (VALS(, IELEM, IT), ST) 
GO TO (1,2,3,4,5,6,7,8,9, -10), NREF 
I CALL QUADS (ELCO, ST(3), NE, IELEM, IT, GEOf4) 
GO TO 99 
2 CONTINUE 
3 CONTINUE 
4 CONTINUE- 
5 CONTINUE 
6 CONTINUE 
7 CONTINUE 237 
8 CONTINUE 
9 CONTINUE 
10 CONTINUE 
99 NRCS_4Nt *NFREE -: 
ST(1)=NRCS, NRCS 
N3=NRCS*NRCS+4 
ST(N3-1)=NN 
ST(N3)=NFREE 
DO 199 NODE=1, NN 
ST (N3+NODE) =NE (NODE) 
199 CONTINUE 
RELEASE VALS(, IELEM, IT) 
K=NN+1 
REDEFINE (NS(, IELEM, IT), K) 
EQUATE 200 (NS(, IELEM, IT), NNQ) 
NNQ(1)=NN 
DO 201 NODE=I, NN 
201 NNQ(NODE+1)=NE(NODE) 
200 CONTINUE 
100 CONTINUE 
RETURN 
END 
SUBROUTINE STRS 
PUBLIC MARK(20), VALS (,, ) , ITYPE() , SIGMA() , NUM() , LOAD() 
PUBLIC ISTRS, ZZJJB () , GISRS () 
DIMENSION LCSE(20), DE () , LMS(20) , ISTR(70) 
LOCAL NE (8) , GEOM(17) , ELCO(8,2) 
INTEGER TABLE(2,10) 
NNSRS=ZZJJB(7) 
NNSRN=ZZJJB(8) 
NGAUS=4 
FIX 100 LMS, ISTR 
NTAB=1 
TABLE(1,1)='QUADSSM', l 
GET(5,3) (LCSE(1) NL) 
GET (4,4) (LMS (1) , NLSPNT) 
NODS=MARK(8) 
NDSTR=NODS*NNSRS 
ISRS=NNSRS*ZZJJB(6)*NGAUS 
REDEFINE (SIGMA() , NDSTR) , (NUM() , NODS) , (GISRS() , ISRS) 
FIX 100 NUM 
NLTS=NARK (11) *2 
NFREE=MARK(10) 
DO 100 NC=1, NL 
LC=LCSE(NC) 
LCTIT`=LOAD(LC) 
EQUATE 100 (VALS (, LC, 3) , D) 
DO 100 IPS=1, NLSI4T 
IIR ME=LMS (I PS) 
DO 110 I=1, NLTS 
IT=I+3 
IF(NAME. EQ. ITYPE(I+3)) GO TO 111 
110 CONTINUE 
MESSAGE 'ELEMENT TYPE', $NAME, ' NOT USED' 
GO TO 100 
111 CONTINUE 
EXPLODE IMME (ISTR(1), NCS) 
DO 105 J=1, NCS 
I=J-1 
IF(ISTR(J). EQ. '/') GO TO. 106 
105 CONTINUE 
I =%I C, S 238 
106 IMPLODE NICK 
LENGTH (VALS(,, IT), N0EQ 
NREF=l 
DO 320 J=1, NTAB 
IF(NICK. EQ. TABLE(1, J)) GO TO 321 
320 NREF=NREF+l 
MESSAGE 'NO STRESS ROUTI14E FOR ELEMENT TYPE ', $NAME 
GO TO 100 
321 IF(ISTRS. NE. I. AND. TABLE(2, NREF). GT. 0) GO TO 322 
MESSAGE 'NODAL STRESSES NKYF POSSIBLE WITH ELEMENT TYPE ', $NAflE 
ISTRS=l 
322 MESSAGE 
MESSAGE 'STRESSES FOR ELEMENTS ', $NA. ME, ' LOAD CASE ', $LCTlT 
MESSAGE 
IF(ISTRS. LT. 2) MESSAGE 'ELEMENT -STRESSES-' 
MESSAGE - 
DO 300 I=1, NDSTR 
300 SIGJMA(I)=0.0 
DO 301 NODE=I, NODS 
301 NUM(NODE)=O. O 
DO 200 IELEM=1, NDEL 
CALL PREP2(IELEM, IT, NN, NE, NPAPAMS, GEOM, ELCO, l) 
NRCS=NN*NFREE 
REDEFINE (DEo, NRCS) 
FIX 200 DE 
N3=1 
DO 20? NODE=I, NN 
NOD--NE (NODE) 
NOFF=(NOD-1)*NFREE+2 
DO . 202 NJ=1, NFREE 
DE-(N3) =D (NOFF+NJ) 
202 N3=N3+1 
GO TO (1,2,3,4,5,6,7,8,9,10), NREF 
1 CALL QXSM8(ELCO, DE(l), NE, ISTRS, IELEM, IT, GEO, %I) 
GO TO 99 
2 CONTINUE 
3 CONTINUE 
4 CONTINUE 
5 CONTINUE 
6 CONTINUE 
7 CONTINUE 
CONTINUE 
9 CONTINUE 
10 CONTINUE 
99 CONTINUE 
200 CONTINUE 
MESSAGE 
IF(ISTRS. EQ. 1) GO TO 100 
MESSAGE 'NODAL AVERAGE STRESSES' 
MESSAGE 
PRINT 401 
401 FORýINT(' NODE SXX SYY TXY Pi ; P2',... 
I ANGLE(DEGS) SZZ FwP, ) 
MESSAG E' 
DO 400 NODE=1, NODS 
NPOS=(NODE-1)*NNSRS 
X=NU. M(NODE) 
IF(X. EQ. 0.0) GO TO 410 
DO 410 J=I, NNSRS 
SIGMA(NPOS+J)=SIGMA(NPC)S+J)/X 
410 CONTINUE 
IF(ISTRS. EQ. 3) GO TO 400 
A=SQRT ((SIGMA (NPOS+I) -SIG%lA (NPDS+2)) **2/4.0+ SIG.. qA(14POS+3)**2) 
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P1= (SIGrA(NPOS+1)+SIG'A', A(NPDS+2))/2. +A 
P2=P1-2.0*A 
FI=0.0 
T1=2. *SIG'fiA(NPDS+3) 
T2=SIGMA(NPOS+1)-SIGMA(NPDS+2) 
IF(Tl. EQ. 0.0. AND. T2. EQ. 0.0) GOTO 101 
FI=ATAN2(T1, T2)*28.64788976 
101 CONTINUE 
PRINT 402, NODE, SIGMA (NPOS+1), SIGMA(NPOS+2), SIGMA(NPOS+3),... 
P1, P2, FI, SIGMA (NPOS+4), SIGMA (NPOS+5) 
402 FORMAT(I4,8F8.3) 
400 CONTINUE 
100 CONTINUE 
DESTROY NUM() 
RETURN 
END 
SUBROUTINE PREP1(IT, NA. ME, NOEL, NICK) 
PUBLIC ITYPE() , VALS(,, 
) , NS(,, ) , ELEMS(,, 
) 
DIMENSION ISTR(70) 
FIX 10 ISTR 
NAME=ITYPE(IT) 
EXPLODE NAME (ISTR(1) NCS) 
DO 5 J=1, NCS 
I=3-1 
IF(ISTR(J). EQ. '/') GO TO 6 
5 CONTINUE 
I=NCS 
6 IMPLODE NICK (ISTR(l) , I) 
LENGTH (ELEMS (IT) , NOEL) 
LENGTH (VALS () , K) 
IF(IT. GT. K) REDEFINE (VALS (,, ) , IT) , (NS (,, ) , IT) 
REDEFINE (VALS (,, IT) NOEL), (NS (,, IT) NOEL) 
10 CONTINUE 
RETURN 
END 
rr ****ýE3cicic********ic*ýk4c9c9c9cicicýcic*********icicýc****icýticicicicýticýtic****ic****isicýtýcýY*** 
SUBROUTINE PREP2(IELEM, IT, NN, NE, NPARAMS, GEOM, ELCO, L) 
rr icic9cicýFýkýtýt*ic*ic**ýk*3cýkyk*icýtýkicir*irýEicicicicýtic*ýYicicicicicicýEicýEicic**3cic3r9c3cýtýc3cýtic9cýticýcicýEicic3c3c4c 
PUBLIC ELEMS(), CCORt(º), MARK(20)ºVALS(º, ) 
LOCAL NE (8) , GEOM(17) , ELCO(8,2) 
EQUATE 1 (ELEMS(, IELEM, IT), X) 
NN=X(1)+0.1 
NPARAMS=X(2)+0.1 
DO 3 NODE=1, NN 
3 NE (NODE) =X (2+NODE)+0.1 
DO 4 K=1, NPARAMS 
4 GEOM(K)=X(2+K+NN) 
1 CONTINUE 
NDIMEN=MARK(2) 
NFREE=MARK(10) 
NRCS=NN*NFREE 
RELEASE ELEMS(, IELEM, IT) 
DO 5 K=1, NDI MEW 
EQUATE 5 (COORDS (, K) , AA) 
DO 5 NODE=1, NN 
NOD=NE (NODE) 
5 ELCO(NODE, K)=AA(NOD) 
IF(L. NE. 0) RETURN 
K=MRCS**2+NN+4 
REDEFINE (VALS (, IELEM, IT) , K) 
RETURN- 
END 
tt#*#, i: *#***####fA***#. #*is#**#i; i*#**#i*#****t; ii: ic##*#A #**i#Ail #*t##ici#*#3.2 
*O 
SUBROJTIWE QUADS (ELCO, ESTE, IELEM, IT, GEO'"i) 
PUBLIC WRK(20), BULK(,, ), SHEAR(,, ) 
LOCAL ELCO(8,2), NE(8), B(2,8), HG(4), ES(16,16), GEO; r(17), 
LOCAL BMG (4) , SMG (4) 
BULKA=EOM (7) 
NFREE=MARK(10) 
NGAUS=4 
DO 5 IGAUS=1, NGAUS 
BMG(IGAUS)=BULK(IGAUS, IELEM, IT) 
5 SMG(IGAUS)=SHEAR(IGAUS, IELEM, IT) 
IJ=8*NFREE 
DO 1 J=1, IJ 
DO 1 I=1, IJ 
1 ES(I, J)=0.0 
GZ-0.577350269189626 
GEIZ 
F=-1.0 
HG(1)=1.0,1.0,1.0,1.0 
DO 10 IGAUS=1, NGAUS 
CALL SHP8(GZ, GE, ELCO, B, DET, NE) 
IF(DET. LE. 0.0) RETURN 
D3=SMG (IGAUS) 
D1=BMG(IGAUS)+4.0*D3/3.0 
D2=D1-(2.0*D3) 
D1=DI+BULKA 
D2=D2+BULKA 
C=DET*HG(IGAUS) 
DO 30 JNOD=1,8 
BJ=B(1, JNOD) 
CJ=B(2, JNOD) 
L NFREE*(JNOD-1)+1 
DO 30 INOD=JNOD, 8 
BI=B(1, INOD) 
CI=B(2, INOD) 
K=NFREE*(INOD-1)+1 
ES(K, L)=ES(K, L)+C*(BI*BJ*D1+CI*CJ*D3) 
ES (K+1, L)=ES (K+l, L)+C* (CI*BJ*D2+BI*CJ*D3) 
ES(K, L+1)=ES (K, L+1)+C*(BI*CJ*D2+CI*BJ*D3) 
30 ES(K+1, L+1)=ES(K+1, L+1)+C*(CI*CJ*Dl+BI*BJ*D3) 
GZ=F*GZ 
F=-F 
GE=F*GE 
10 CONTINUE 
DO 40 I=1, IJ 
DO 40 J=I, IJ 
40 ES(I, J)CES(J, I) 
RETURN 
END 
SUBROUTINE QXSMB(ELCO, DE, NE, ISTRS, IELEM, IT, GEO, MM) 
PUBLIC MARK(20) , BULK(,, ) , SHEAR(,, ) , NUM() GISRSO , GTINVAR(,, 
) 
PUBLIC GIPSRN() , SIGMA() , ZZJJB() 
LOCAL ELCO(8,2) DE (16) , B(2,8) NE (8) , GEOM(17) 
LOCAL BMG(4), SMG(4), SG(20), SN(40) 
NFREE=MARK(10) 
NNSRS=ZZJJB(7) 
NNSRN=ZZJJB(8) 
BULKA=GEOM (7 ) 
NGAUS=4 
DO 5 IGAUS=1, NGGAUS 
BMG(IGAUS)=BULK(IGAUS, IELEM, IT) 
5 SI-113 (IGAUS) =SHEAR (IG4US, I ELEEm, IT) 
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IF(ISTRS. LE. 1) PRI14T 8 
8 FCRIIAT(IOX,. 'SXX', 7X, 'Sý'Y', 7X-I'TXY', 7X, SZZ, 6X, R,, 'P-) 
GZ=-0.577350269189626 
GE=GZ 
F---1.0 
IEPOSN=(IELEM-1)*NGAUS*I, NiSRN 
IEPOSS= (IELE! -', -l) *NGAUS*NNSRS 
DO 100 IGAUS=1, W,, AUS 
CALL SHPB(GZ, GE, E1, CO, B, DET, NE) 
D3=SMG(IGAUS) 
DI=BMG(IGAUS)+4.0*D3/3.0 
D2=Dl-(2.0*D3) 
PRA7'-D2/2. /(Dl-D3) 
YOUNG=2. *D3*(I. +PRAT) 
EPSX=0.0 
EPS Y=0.0 
EPSXY---O. O 
DO 2 NODE=l ,8 
BI=B(1, NDDE). 
C I=B (2, NODE) 
NPOS=NFREE*(NODE-1) 
UI=DE (NPDS+I) 
VI=DE(NPDS+2) 
EPSX=EPSX-PJI*BI 
EPSY=EPSY+VI*CI 
2 EPSXY=EPSXY+UI*CI+VI*BI 
IGPOSN=(IGAUS-71)*NNSRN 
IGPOSS=(IGAUS-1)*NNSRS 
LN=IEPOSN+IGPOSN 
LS=IEPOSS+IGPOSS 
GISRS (LS+I) = (EPSX-GIPSRN (LN+I)) *Dl+ (EPSY--GIPSRN (LN+2)) *D2 
GISRS (LS+2) = (EPSX-GIPSRN (LN+1)) *D2+ (EPSY-GIPSRN (LIN+2) ) *Dl 
GISRS(LS+3)=(EPSXY-GIPSRN(LN+3))*D3 
GISRS(LS+4)=PRAT*(GISRS(LS+1)+GISRS(LS+2))-YOUNG*GIPSRN(L, N+4) 
GISRS(LS+5)=BULV, A*(EPSX+EPSY) 
IF(IT. GT. 4) GO TO 7 
EVOL=GTINVAR(8, IGAUS, IELEM)+EPSX+EPSY 
GTINVAR(6, IGAUS', IELEM)=EVOL 
GTINVAR(3, IGAUS, IELEM)=GTINVAR(7, IGAUS, IELEM)*(l. +EVOL) 
7 DO 6 J=1, MSRS 
.6 
SG (IGPOSS+J) '--OISRS (LS+J) 
3 GZ=F*GZ 
F'- F 
GE=F*GE 
loo CONTINUE 
CALL EXTRAPOL(SG, SN, NNSRS) 
IF(ISTRS. GT. 1) GO TO 50 
. 
DO 40 NODE=1,8 
NPOS=(NODE-I)*NNSRS 
NOD=NE(NODE) 
PRINT 41, NOD, SN(NPOS+1), SN(NPOS+2), SN(NPOS+3),, SN(NPDS+4), SN(NPOS+5) 
41 FORMAT(I5,5FIO. 3) 
40 CONTINUE 
50 CONTINUE 
DO I NODE=1,8 
K= (NE (NODE) -1) *NNSRS 
L=(NODE-I)*NNSRS 
DO 4 J=1, NNSRS 
4 SIGMA(K+J)=SIGMA(K+J)+SN(L+J) 
NOD=NE (NODE) 
NUM (NOD) =NL N. (NOD) +1 
I CONTINUE' 
RETURN 
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SUBROUTIWE SHPB(ZE, ET, ELCO, B, D--T, NE) 
PUBLIC MARK (20) 
LOCAL EI (8) ZI (8) 1ELCO(8,2) B(2,8) ACO-3(2,2) BACO(2,2)., %. - 
LOCAL A(2,8), NE(8) 
ZI(1)=-1.0,0.0,1.0,1.0,1.0,0.0, -I. O, -l. O 
EI(1)=-I. O, -1.0, -1.0-10.0,1.0,1.0,1.0,0.0 
DO 11 NODE=1,7,2 
ZEI=ZI (NODE) 
ETI=EI (NODE) 
ZEO=ZEI*ZE 
ETO=ETI*ET 
A(I, NODE)=ZEI*(I. O+ETO)*(2.0*ZEO+ETO)/4.0 
11 A(2, NODE)=ETI*(I. O+ZEO)*(2.0*ETO+ZEO)/4.0 
DO 12 NODE=2,6,4 
ETI=EI (NODE) 
ETO=ETI*ET 
A(1, NODE)=-ZE*(1.0+ETO) 
12 A(2, NODE)=ETI*(1.0-ZE*ZE)/2.0 
. 
DO 13 NODE=4,8,4 
ZEI=ZI(NODE) 
ZEO-ZEI*ZE 
A(l, NODE)=ZEI*(l. 0-ET*ET)/2.0 
13 A(2, NODE)=-ET*(1.0+ZEO) 
DO 20 I=1,2 
DO 20 3=1,2 
SLH--o. 0 
DO 21 NODE=1,8 
21 SUM=A(I, NODE)*ELCO(NODE, J)+SU. M 
ACOB(I, J)=SU. M 
20 CONTINUE 
DET--ACOB(1,1)*ACOB(2,2)-ACOB(1,2)*ACOB(2, I) 
IF (DET. LE. O. 0) GO TO 25 
BACO(1,1)=ACOB(2,2)/DET 
BACO(1,2)-ACOB(1,2)/DET 
B. ACO(2,1)=-ACOB(2,1)/DET 
BACO(2,2)=ACOB(1,1)/DET 
DO 22 I=1,2 
DO 22 NODE=1,8 
22 B(I, NODE)=BACO(I, 1)*A(I, NODE)+BACO(I, 2)*A(2, NODE) 
. RETURN 
25 MESSAGE 'A QUAD8 ELEMENT HAS NODES TANGLED, NODES & COORDS ARE 
DO 26 NODE=1,8 
26 PRINT 100, NE(NODE), ELC(? (NODE, 1), ELCO(NODE, 2) 
100 FCRMAT(15,2F10.3) 
MARK(12)=l 
RETURN 
END 
SUBROUTINE EXTRAPOL(VGIN, VNOUT, NVALS) 
LOCAL AH(7), VGIN(20), VNOUT(40) 
NGAUS=4ý 
. 
AH(1)=-0.5,. 133974596, -0.5,1.866025404 
AH(5)=AH(l), AH(2), AH(3) 
DO I N=1, NVAES 
K=3 
DO 19 NODE=1,7,2 
SUM--0.0 
NPOS=(NODE-1)*NVALS+N 
DO 22 IGAUS=1, NGAUS 
IGPOS=(IGAUS-1)*NVALS+N 
22 SU-; =SU`: +AH (IGAUS+K) "VIN (IGPOS) 
K=K-1 
19 VNOUT (NPOS) =SU%i 
DO 31 NODE=2,6,2 
NPOS= (NODE-1) *NVALS+N 
31 VNOUT (NPOS)= (VNOUT (NPOS-NVALS)+VNOUT (NPOS+NVALS)) /2. 
N POS=7 *N VA LS+N 
VNOUT (NPOS)= (VNOUT (NPOS NVALS)+VNOUT (N)) /2.0 
1 CONTINUE 
RETURN 
END 
*EXIT 
C. 2 OVERLAY 'SOIL3' 
*GENESYS 
*GENTRAN 'LUFE' 
CO'4PILE OVERLAY 'SOIL3' AS 34 
*OVERLAY 
'SOIL3' 
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SUBPROGRAMS STIF, STRS, CONSOL, AVERAGE, PREPI, PREP2, QUAD8, QXSM8,... 
SHP8, EX`IRAPOL, SFR8, PROD ti. 
ENTRY STIF, SIRS, CONSOL, AVERAGE 
II********************************************************************** 
SUBROUTINE STIF 
This subprogram is identical to STIF in 'SOIL2' except for 
the following lines: 
IF(NFREE. EQ. 3) GO TO 12 
ERROR 'THIS VERSION OF OVERLAY SOIL REQUIRES 3 D. O. F. PER NODE' 
STOP 
IT********************************************************************** 
SUBROUTINE STRS 
II********************************************************************** 
This subprogram is identical to STRS in 'SOIL2' except for 
the following lines: ' 
1 CALL. QXSMB (ELCO, DE (1) , NE, ISTRS, IELEM, IT) . GO TO 99 
PRINT 402, NODE, SIGMA(NPOS+1), SIGMA(NPOS+2), SIGMA(NPOS+3),... 
P1, P2, FI, SIGMA(NPGS+4) 
402 FcRMAT(I4,7F8.3) 
SUBROUTINE CONSOL 
t *********************ýF***ýE***********ý ***********ýEý *****ýk*****'******** 
PUBLIC MARK(20), KT(20) , VALS (,, 
) , ZZJJB() 
DIMENSION VECTLO 
LOCAL CTVK 2P (8) , NE (8) , DE (2 
4) 
1, -l0D5S=Y,? -RK (8) 
244 
NFREE='AARK (10) 
NDý--! --'DDS*jNFREE 
REDEFINE (VECTLO ND) 
DO I I=I, ND 
I VECTL(I)=O. O 
ALPHA=ZZJJB(l) 
DTIME=ZZJJB(2) 
WEIGHT--ZZJJB (3) 
NU, MEL, -ZZJJB(6) 
GET(0,3)DTM 
ZZJJB(11)=ZZJJB(11)+DTPI 
EQUATE 2 (VALS(, 10,3), DISP) 
EQUATE 10 (VALS(, 11,2), DUPL) 
DO 10 I=I, ND 
10 DUPL(I+2)=DISP(I+2) 
NTYP 
, 
=MARK(Il) 
DO 2 K2=1, NTYP 
IT=KT(K2) 
LENGTH (VALS(,, IT), NOEL) 
DO 2 IELEM=1, NOEL 
EQUATE 2 (VALS(, IELEM, IT), ST) 
L--ST (1) *ST (2) +2 
NN=ST(L+l) 
DO 3 NODE=1, NN 
3 NE(NODE)=ST(L+2+NODE) 
DO 4 NODE=1, NN 
J=(NODE-1)*NFREE 
NPOS= (NE (NODE) -1) *NFREE+2 
DO 4 NI=I, NFREE 
4 DE(J-hM)=DISP(NPOS-Hl) 
CALL PROD(ST(3), NE, DE, ALPHA, NN, NFREE, CTVK2P) 
DO 5 NODE=1, NN 
NPOS=NE (NODE) *NFREE 
5 VECTL(NPOS)=VECTL(NPOS)4-CTVK2P(NODE) 
2 CONTINUE 
IF(DTM. GT. O. 00001) GO TO 7 
F=l. 0/ (1. -ALPHA) /DTIME/WEIGHT 
EQUATE 8 (VALS(, 10,3), DISP) 
EQUATE 8 (VALS 9,2) V9) 
EQUATE 8 (VALS 8,2) V8) 
EQUATE 8 (VALS(, 7,2), V7) 
DO 8 I=I, ND 
DISP(I+2)=O. O 
V9(I+2)=O. O 
V8(I+2)=V8(I+2)+VECTL(I)*F 
8 V7(I+2)=O. O 
GO TO 13 
7 EQUATE 9 (VALS(, 1,2), Vl) 
DO 12 I=1, ND 
12 Vl(I+2)=VECTL(I) 
A=DTIME*ALPHA*WEIGHT 
B=DTIME*(l. -ALPHA)*WEIGHT 
C=ALPHA 
D=1. -C 
EQUATE 9 (VATS (, 2,2) , V2) 
EQUATE 9 (VALS (, 3,2) , V3) 
EQUATE 9 (VAIS(, 4,2), V4) 
EQUATE 9 (VALS(, 5,2), V5) 
EQUATE 9 (VALS (, 6,2) 
, V6) 
EQUATE 9 (VALS (, 7,2) , V7) EQUATE 9 (VA LS (, 8,2) , V8) 
EQUATE 9 (VALS (, 9,2) , V9) 
EQUATE. 9 (VA LS (, 10 , 2) ,V 10 ) 
DJ 9 I=1, ND 245 
J=I+2 
9 V14 (J)=V1 (J)+D*V6 (J)+C*V7 (J)+DTIn; H*; n, EIGHT*V8 (J)+V9 (J) 
... +B*V2 (J) +A*V3 (J) -B*V4 (J) -A*V5 (J) 
13 DO 6 I=2,6,2 
EQUATE 6 (VALS (, I+1,2) , V) 
EQUATE 6 (VALS (, I, 2) , U) 
DO 6 J=1, ND 
6U (J+2) =V (J+2 ) 
RETURN 
END 
t ýC*iCiCiC*ýtir**iC3caýciE******* ýEýC*ýC*iC 3: ýY**iC** ýCýcir***iF*ic*ýC3c**ic*ýCiC ** *** ** 
SUBROUTINE AVERAGE 
PUBLIC VALS(,, ) , ZZJJB() 
EQUATE 1 (VALS(, 11,2), V11) 
EQUATE 1 (VALS(, 10,3), V10) 
LEN=V11 (1) 
DO 1 I=1, LEN 
1 V10 (I+2)= (V10 (I+2)+Vll (I+2)) /2.0 
ZZJJB(11)=ZZJJB(11)/2.0 
RETURN 
END 
rr ýcýE*icýFicicýEicicýcicýEicicýEýEýcicýEýciýýticicicicicic3cýc3cýtxicicfcýcýE*ýcýEicicicicicýEicýiýc****3cicFcicic9Eic3c4cýcýcic*** 
SUBROUTINE PREP1(IT, N_W, 4E, NOEL, NICK) 
rr **iciric*9c3c3c9cýEýEýE*ýtýt4c**icicýticicic*icic*ic9cicýiýE9cýkic*ýt9c3cic*ýcic3c3c9c*9c9cicýt**icir E*ic*icýticýtýcýcicicýt 
This subprogram is identical to PREP1 in 'SOIL2' 
SUBROUTINE PREP2(IELEM, IT, NN, NE, NPARAMS, GEOM, ELCO, L) 
ýI********************************************************************** 
This subprogram is identical to PREP2 in `SOIL2` 
SUBROUTINE QUAD8(ELCO, ES, NE, IELEM, IT, GEOM) 
rt 3c**ir*icirýticicýt*iricic*ýciciciticýticic3c3cicicic9cýcicýE*ýF*3cýcýcýtýiicýFir*icicicýcic**ýticýt*icýtýtiric**ýc3cýtýt*iý 
PUBLIC MARK(20), ZZJJB() , BULK(,, ) , SHEAR(,, ) 
LOCAL ELCO(8,2), NE(8), B(2,8), HG(4), ES(24,24), GEOM(17) 
LOCAL SHFN(8), BMG(4), SMG(4) 
NFREE . MARK(10) 
PERMX=GEOM(8)/GEO, M(17) 
PERMY=EOM (9) /GEO'1(17) 
NGAUS=4 
ALPHA, =ZZJJB (1) 
DTIME=ZZJJB(2) 
WEIGHT=ZZJJB(3) 
DO 5"IGAUS=1, NGAUS 
BMG(IGAUS)=BULK(IGAUS, IELEM, IT) 
5 SMG(IGAUS)=SHEAR(IGAUS, IELEM, IT) 
IJ=8*NFREE 
DO 1 J=1, IJ 
DO 1 I=1, IJ 
1 ES(I, J)=6.0 
GZ=-0.577350269189626 
GEIZ 
F=-1.0 
HG(I)=1.0,1.0,1.0,1.0 
DO 10 IGAUS=1, NGAUS 
CALL SHP8(GZ, GE, ELCO, B, DET, NE) 
IF(DET. LE. 0.0) RETURN 
-CALL SFR8(GZ, GE, SHFN) 
D3=SMG (IGAUS) 
DI =B,. *, 3 (I GAUS) +4.0 *D3/3.0 246 
D2=Dl- (2. O*D3) 
C=DET*HG(IGAUS) 
DO 30 JNOD=1,8 
BJ=B(I, JNDD) 
CJ=B (2, JNOD) 
L=NFREE*(JNDD-1)+l 
DO 30 INOD=JNOD, 8 
BI=B(1, INOD) 
CI=B(2, INOD) 
K=NFREE*(INOD-I)+l 
ES(K, L)=ES(K, L)+C*(BI*BJ*Dl+CI*CJ*D3)/WEIGHT 
ES(K+1, L)=ES(K+1, L)+C*(CI*BJ*D2+BI*CJ*D3)/WEIGHT 
ES(K, L+1)=ES(K, L+1)+C*(BI*CJ*D2+CI*BJ*D3)/WEIGHT 
ES(K+1, L+1)=ES(K+1, L+1)+C*(CI*CJ*Dl+BI*BJ*D3)/WEIGHT 
ES (K, L+2) =ES (K, L+2) 4, C* (BI *SHFN QNOD) ) 
ES(K+1, L+2)=ES(K+1, L+2)+C*(CI*SHFN(JNOD)) 
ES(K+2, L)=ES(K+2, L)+C*(BJ*SHFN(INOD)) 
ES(K+2, L+1)=ES(K+2, L+1)+C*(CJ*SHFN(INOD)) 
ES(K+2, L+2)=ES(K+2, L+2)-C*(BI*PERMX*BJ+CI*PERt4Y*CJ)... 
*WEIGHT *ALPHA* DTI14E 
30 CONTINUE 
GZ=F*GZ 
F-F 
GE=F*GE 
10 CONTINUE 
DO 40 I=1, IJ 
DO 40 J=I, IJ 
40 ES(I, J)=ES(J, I) 
RETURN 
END 
SUBROUTINE QXSM8(ELCO, DE, NE, ISTRS, IELE-M, IT) 
PUBLIC MARK (20) , BULK(,, ) , SHEAR(,, ) , NUM() GISRS O , ZZJJB() 
PUBLIC GIPSRN() , GTINVAR(,, ) , SIGMA() 
LOCAL ELCO(8,2), DE(24), B(2,8), NE(8), SG(16), SN(32) 
LOCAL SHFN(8), BMG(4), SMG(4) 
NNSRS=ZZJJB(7) 
NNSRN=ZZJJB(8) 
WEIGHT=ZZJJB(3) 
NGAUS=4 
NFREE=MARK (10) 
DO 5 IGAUS=1, NGAUS 
BMG(IGAUS)=BULK(IGAUS, IELEM, IT) 
5 SMG(IGAUS)=SHEAR(IGAUS, IELEM, IT) 
IF(ISTRS. LE. 1) PRINT 8 
8 FcRMAT(10X, 'SXX', 7X, 'SYY', 7X, 'TXY', 7X, 'SZZ') 
GZ=-0.577350269189626 
GEIZ 
F=-1.0 
IEPOSS=(IELEM-1)*NGAUS*NNSRS 
IEPOSN=(IELEM-1)*NGAUS*NNSRN 
DO 100 IGAUS=1, NGAUS 
CALL SHPS(GZ, GE, ELCO, B, DET, NE) 
D3=SMG(IGAUS) 
D1=BMG(IGAUS)+4.0*D3/3.0 
D2=D1-(2.0*D3) 
PRAT=D2/2. /(D1-D3) 
YOUNG=2. *D3*(1. +PRAT) 
EPSX=O. O 
EPSY=0.0 
EPSXY=0.0 
DO 2 NODE=1,8 
BI=B(1, NDDE) 247 
CI=B(2, NODE) 
KK: =, NFREE* (NODE-1) 
UI=DE (1'\K+1) /WEIGHT 
VI=DE(KK+2)/WEIGHT 
EPSX=EPSX+UI*BI 
EPSY=EPSY+VI*CI . 2 EPSXY=EPSXY+UI*CI+VI*BI 
IGPOSS=(IGAUS-1)*NNSRS 
IGPOSN=(IGAUS-1)*NNSRN 
LS=IEPOSS+IGPOSS 
LN=IEPJSN+IGPOSN 
GI SRS (LS+1) = (E PSX-GI PSRN (LN+1)) *Dl+ (EPSY-G I PSRN (LN+2)) *D2 
GISRS (LS+2) = (EPSX_GIPSRN (LN+1)) *D2+(EPSY-GIPSRN (LN+2)) *DI 
GISRS (LS+3) = (EPSXY ýIPSRN (-N+3)) *D3 
GISRS(LS+4)=PRAT*(GISRS(LS+1)+GISRS(LS+2))-YOUNG*GIPSRN(LN+4) 
IF(IT. GT. 4) GO TO 7- 
EVOL=GTINVAR(8, IGAUS, IELEM)+EPSX+EPSY 
GTINVAR(6, IGAUS, IELEM)=EVOL 
GTINVAR (3, IGAUS, IELEM) =GTINVAR (7, IGAUS, IELEM) *(I. +EVOL) 
7 DO 6 J=1, NNSRS 
6 SG (IGPOSS+J)wISRS (LS+J) 
3 GZ=F*GZ 
F=F 
GE=F*GE 
100 CONTINUE 
CALL EXTRAPOL(SG, SN, NNSRS) 
IF(ISTRS. GT. 1) GO TO 50 
DO 40 NODE=1,8 - 
NPOS=(NODE-1)*NNSRS 
NOD=NE (NODE) 
PRINT 41 , NOD, SN (N POS+1) , SN (N POS+2) , SN (N POS+3) , SN (N POS+4 ) 
41 FORMAT(I5,4F10.3) 
40 CONTINUE 
50 CONTINUE 
DO 1 NODE=1,8 
K= (NE (NODE) -1) *NNSRS 
L=(NODE-1)*NNSRS 
DO 4 J=1, NNSRS 
4 SIGMA(K+J)=SIGMA(K+J)+SN(L+J) 
NOD=NE (NODE) 
NUM(NOD)=NUM(NOD)+l 
1 CONTINUE 
RETURN 
END 
II********************************************************************** 
SUBROUTINE SHP8(ZE, ET, ELCO, B, DET, NE) 
1I********************************************************************** 
This subprogram is identical to SHP8 in 'SOIL2' 
tt **3c3cic9c*3cýEicýt**"*******ýEir9c4cýFýF*********icicýc****9cicicýFýFirýt***************9c9c3c*** 
SUBROUTINE EXTRAPOL(AIN, AOUT, NVALS) 
This subprogram is identical to EXTRAPOL in 'SOIL2' 
SUBROUTINE SFRB(Z, T, SHFN) 
ýI************************* ******************************************** 
LOCAL SHFN(8) 
Z2=Z*2.0. 
T2=T*2.0 , 
ZZ=Z*Z 
Tl'=T*T 
ZT=Z*T 
, ZZT=Z* Z*T 
ZTT=Z*T*T 
SHFN (1) = (0.0-1.0+ZT+ZZ+TT-ZZT-ZTT) /4.0 
SHFN(2)=(1.0-T-ZZ+ZZT)/2.0 
SHFN (3) = (0.0-1.0-ZT+ZZ+TT-ZZT+ZTr) /4.0 
SHFN(4)=(1.0+Z-TT-ZTT)/2.0 
SHFN(5)=(0.0-1.0+ZT+ZZ+TT+ZZT+ZTT)/4.0 
SHFN(6)=(1.0+T-ZZ-ZZT)/2.0 
SHFN(7)=(0.0-1.0-ZT+ZZ+TT+ZZT-ZTT)/4.0 
SHFN(8)=(1.0-Z-TT+ZTT)/2.0 
RETURN 
248 
END 
SUBROUTINE PROD(ES, NE, DE, ALPHA, NN, NFREE, CTVY. 2P) 
II****************************************x***************************** 
LOCAL ES(24,24), NE(8), CTVK2P(8), DE(24) 
DO 2 NODE=I, NN 
"2 CTVK2P (NODE) =0.0 
DO 1 I=1, NN 
K=I*NFREE 
DO 1 J=1, NN 
L-- (J-1) *NFREE 
1 CTVK2P(I)=CTVK2P(I)+ES(K, L+1)*DE(L+1)+ES(K, L+2)*DE(L+2)_... 
-(1 . -ALPHA) 
/ALPHA*ES (K, L+3) *DE (L+3 ) 
RETURN 
END 
*EXIT 
C. 3 OVERLAY 'NONLIN' 
*GENESYS 
*GENTRAN 'LUFE' 
COMPILE OVERLAY 'NONLIN' AS 32 
*OVERLAY 
'NONLIN' 
SUBPROGRAMS ALLELMS, ACCUM, INITIAL, WRITE, FMIPL, CREEP, RESDFOR,... 
THEOSPV, INVARNT, SHP8, SFRB, INTERPOL 
ENTRY ALLELMS, ACCUM, INITIAL, WRITE 
SUBROUTINE ALLELMS 
PUBLIC MARK (20) ELEMýS (,, ) RELOADO VALS (,, ) CODRDS (, ) ZZJJB 
PUBLIC GTINVAR(,, ), GISRS. (), BMODo, SMODo, BULK(,, ), SHFAR(,, ) 
PUBLIC GTSRSo, GIPSRNo, SRSILNo, GILSRSo 
LOCAL NE(8), ELCO(8,2), ENSRS(40), EGSRS(20), GEOM(17), GSRS(4) 
LOCAL BMG(4), SýIG(4), BlýIN(8), SMN(8), GRSIDN(16), OLDQ(4)., OLDP(4) 
LOCAL PVSRS(20), OLDPC(4) 
DIMENSION LCSE(20) 
NGAUS=4 
NDIMEN=MARK (2) 
INITL=ZZJJB(10) 
NUMEL=ZZJJB(6) 
NNSRS=ZZJJB(7) 
NNSRN=ZZJJB(8) 
NELSRS=NGAUS*NNSRS 
IF(INITL. EQ. 1) GO TO 9 
NODS=, NARK (8) 
NFREE=; MARK (10) 
ND=NFREE*NODS 
ICREEF=3 
GET(O, ©)NCL 
GO TO (19,28,99,49), N--L 
49 GET(4,4) DTI1 E 
Z ZJJB (2) =DTI ME 
GET(4,10) (LCSE(1), NL) 
GET(4,13) ALPHA 
ICREEP=1 
NC L=1 
GO TO 31 
28 FACTK=1. H 
FACTG=1.0 
GET(2,0)NXCL 
IF(NXCL. NE. 3) GO TO 9 
GET(3,4) FACTK 
GET (3,6) FACTG 
GO TO 9 
19 GET(1,3) (LCSE(1), NL) 
31 ANORM=0.0 
EVNORJM=0.0 
REDEFINE (RELOADO, ND) 
DO 3 I=1, ND 
3 RELOAD(I)=0.0 
9 NTYP=MARK(11) 
IF(INITL. EQ. 0) NTYP=l 
DO I K2=1, NTYP 
IT=2*K2+2 
LENGTH (ELEMS (,, IT) NOEL) 
DO 1 IELEM=1, NOEL 
EQUATE 2 (ELEMS(, IELEM, IT), X) 
NN=X(1)+O. l 
NPARAMS=X(2)+O. l 
DO 38 NODE=I, NN 
38 NE (NODE) =X (24NODE)+O. 1 
. 
DO 2 I=1, NPARA-MS 
2 GEOM (I) =X (24-NN+I) 
DO 5 L=1, NDIMEN 
EQUATE 5 (COORDS(, L), AA) 
DO 5 NODE=I, NN 
NOD=NE (NODE) 
ELCO(NODE, L)=AA(NOD) 
5 CONTINUE 
AN=GEOM(2) 
GAK41A=GEOM (3) 
A LMDA=GEOM (4) 
AKPPA=GEOM(5) 
AM=GEOM(6) 
EL--EXP ( (G*IMA-AN) / (ALMM-AKPPA) 
IF(IUITL. NE. 1) GO TO 4 
DO 52 NODE=1,8 
NOD=NE (NODE) 
RMN (NODE) =BMOD (NOD) 
52 SMN(NODE)=SMOD(NOD) 
CALL INTERPOL (B. MN, BMG, 1) 
CALL INTERPOL (SMN, SMG3,1) 
DO 53 IGAUS=1, NGAUS 
BULK(IGAUS, IELEM, IT)=BMG(IGAUS) 
53 SHEAR(IGAUS, IELEM, IT)=SMG(IGAUS) 
IF(IT. GT. 4) GO TO 1 
DO 7 NODE=1,8 
NDD=NE (NODE) 
NPDS=(NOD-1)*NNSRS 
IPOS=(NODE-1)*NNSRS 
DQ 7 J=1, NNSRS 
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7. EN'SRS (I P. DS+3) =SRSILJN(NPDS+J) 
250 
CALL DýTERPOL(EN'SRS, EGSRS, W, SRS) 
IEPC)SS= (IELEM-1) *NELSRS 
DD 14 I=I, NELSRS 
GILSRS(IEPOSS+I)=EGSRS(I) 
14 GTSRS(IEPOSS+I)=EGSRS(I) 
DO 16 IGAUS=1, NGAUS 
IGPOSS=(IGAUS-1)*NNSRS 
DO 44 I=1,4 
44 GSRS(I)=EGSRS(IGPOSS+I) 
CALL INVARNT(GSRS, Q, P) 
0(-'R-'%3 E OM (16) 
PCOLD=P*OCR 
VC=AN-AL"IDA*ALOG (-PCOLD) 
V=VC+AKPPA*ALCG (OCR) 
CALL THEOSPV(Q, P, V, PCOLD, VTHEO, PE, PC, YF, DCS.... 
AN, ADM, AKPPA, AM, EL) 
IF(DCS. LT. O. 5) GO TO 47 
t4F'qqA(-, P 'PT. FMFNT' . IELEM. 
I G. PT. ' , IGAUS, 
' DRY OF CRITICAL STATES' 
14ESSAGE 'Q, P, V, PC, PE', Q, P, V, PC, PE 
47 CONTI14UE 
GTINVAR (1, IGAUS, IELEM) =Q 
GTIIqVAR(2, IGAUS, IELEM)=P 
GTINVAR (3, IGAUS, IELE. 14) =V 
GTINVAR(4, IGAUS, IELEM)=PCOLD 
GTINVAR(5, IGAUS, IELEM)=YF 
IF(YF. LT. O. 0001) GO TO 46 
MESSAGE NTARNING ; STATE POINT OUTSIDE YIELD SURFACE 
, IELEM, ' GAUSS POINT', IGAUS, 
l YF =', YF 
46 GTINVAR(7, IGAUS, IELEM)=V 
16 GTINVAR(9, IGAUS, IELEM)=PE 
GO TO 1- 
4 DO 8 IGAUS=1, N', -, AUS 
BMG(IGAUS)=BULK(IGAUS, IELEM, IT) 
8 SMG(IGAUS)=SHEAR(IGAUS, IELEM, IT) 
GO TO (50,10,51,51), NCL 
50 YIELD=0.0 
DO 42 IGAUS=1, NGAUS 
OLDQ(IGAUS)=GTINVAR(1, IGAUS, IELF, M) 
OLDP(IGAUS)=GTINVAR(2, IakUS, IELEM) 
OLDPC(IGAUS)=GTINVAR(4, IGAUS, IELEM) 
42 CC14TINUE 
IEPOSS= (IELEM-1) *NELSRS 
DO 12 I=1, NELSRS 
PVSRS (I) ---GTSRS (I E POSS+I) 
GTSRS (IEPOSS+I) -'ýOILSRS (IEPOSS+I) 4-GISRS (IEPOSS+I) 
12 EGSRS (I) --'%GTSRS (I E POSS+I) 
DO 37 I=1,16 
37 GRSIDN (I) =0.0 
GZý. 0.577350269189626 
GE=GZ 
Fý-l. 0 
DO 13 IGAUS=1, NGAUS 
IGPOSS= 
, 
(IGAUS-1)*NNSRS 
DO 45 I=1,4 
45 GSRS(I)=EGSRS(IGPOSS+I) 
CALL INVARNT(GSRS, Q, P) 
GTINVAR(1, IGAUS, IELEM)=Q 
GTINVAR (2, IGAUS, IELEM) =P 
V=GTINVAR(3, IGAUS, IELEM) 
QOLD=OLDQ(IGAUS) 
POLD=OLDP (IGAUS) 
PCOLD=OLDPC(IGAUS) 
VO '--%3TINVAR (7, IGAUS, IE LEM) 
ELEMENT ' ... 
CALL TriEOSPJ(QrPrVrPCÖI Drv T iEOrPErPCrYFrDCSr""" 
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AN, ALMiD%, A}; PPA, AM, EL) 
IF(DCS. LT. O. 5) GO TO 48 
MESSAGE 'ELEMENT', IELEM, ' G. PT. ' , IGAUS, 
' DRY OF CRITICAL STATES' 
MESSAGE 'Q, P, V, PC, PE', Q, P, V, PC, PE 
48 CONTINUE 
GTINVAR(5, IGAUS, IELEM)=YF 
GTINVAR(9, IGAUS, IELEM)=PE 
IF(ICREEP. EQ. 1) GO TO 22 
IF(YF. LT. 0.001) GO TO 36 
IF(DCS. GT. 0.5) GO TO 36 
YIELD=YIELD+1.0 
GTINVAR (4, IGAUS, IELEM) =PC 
DV=VTHEO-V 
DEPSV=DV/VO 
EVNOP, NI=EVNORNI+ABS (DEPSV) 
22 D3--SMG(IGAUS) 
Dl=B. MG(IGAUS)+4.0*D3/3.0 
D2=Dl- (2. O*D3) 
PRAT'-D2/2. /(DI-D3) 
IF(ICREEP. EQ. 0) GO TO 29 
YIELD=1.0 
QFPE=AM*EXP((GAKMA-AN)/AU4DA) 
DBAR=Q/PE/QFPE 
IF(DBAR. LT. O. 3) GO TO 23 
CALL CPEEP(DEPSX, Dl-'PSY, DEPSXY, DEPSZ, Q, P, DBAR, DfrIME.... 
ALPHA, PRAT, IGAUS, IELEM, GEC)ýi, ECREEP) 
EVNORM=EVNOP, M+ABS (ECREEP) 
GO TO 23 
29 CALL FLOWPL(D"PSX, DEPSY, DEPSXY, DEPSZ, DEPSV, PVSRS,... 
QOLD, POLD, PCOLD, PRAT, IGAUS, IELEM, A'4, EL) 
23 IEPOSN=(IELEMr-l)*NGAUS*NNSRN 
IGPOSN=(IGAUS-1)*, NNSRN 
GRSIDN(IGPDSN+1)=DEPSX 
GRSIDN(IGPDSN+2)=DEPSY 
GRSIDN(IGPOSN+3)=DEPSXY 
L=IEPOSN+IGPOSN 
GIPSRN(L+1)=GIPSRN(L+1)+DEPSX 
GIPSRN(L+2)=GIPSRN(L+2)+DEPSY 
GIPSRN(L+3)=GIPSRN(L+3)+DEPSXY 
GIPSRN(L+4)'-3IPSRN(L+4)+DEPSZ 
36 GZ=F*GZ 
F--F 
GE=F*GE 
13 CONTII4UE 
IF(YIELD. LT. 0.5) GO TO 1 
CALL RESDFCR(GRSIDN, NE, ELCO, BMG, S MG) 
GO TO 1 
10 GMIN 3EOM(14) 
GK=: GEOM (15) 
DO 15 IGAUS=1, NGAUS 
EWATE 15 (GTINVAR(, IGAUS, IELEM), GUAR) 
Q=GVAR(1) 
P=GVAR(2) 
V=GVAR (3) 
PC=: GVAR (4 ) 
YF=GVAR (5 ) 
SLOPE=AKPPA 
VC=AN-AIJ DA*ALOG (0. -PC) 
GMAX=GK*VC/AKPPA 
R=Q/AM-P 
IF(R. GT. 0.0) GO TO 32 
R=0.0 
MESSAGE 'SHEAR MODULUS = Gmin : ELEMENT, GAUS', IELEM, IGAUS 
32 SHEAR (I GWS, IELPEM, IT)= (G%iIN+RiG, ý"_kX) *FACTG_, 252 
IF(YF. GT. --, 9.05) SLOPE=ALl-M 
1-5 BIJLK(IGAUS, IELE? 4, IT)=-P"ý'V/SLOPEýFACTX 
I COiQTINUE 
51 IF(INITL. NE. 1) GO TO 11 
ZZJJB(10)=O 
DESTROY BMODo, SMODo 
RETURN 
11 GO TO (30,99,99,34), NCL 
30 DO 6 NC=I, NL 
LC=LCSE(NC) 
-DO 6 NODE=1, NODS 
J==NFREE* (NODE-1) +2 
K=2*(NODE-1) 
VALS (J+l, LC, 2) =VALS (J+l, LC, 2) +RELOAD (K+l) 
VALS Q+2, LC, 2) =VALS (3+2, LC, 2) +RELOAD (K+2) 
6 ANOPM=ANDRNI+ABS (RELOAD (K+1)) +ABS (RELOAD (K+2)) 
DESTROY RELOADO 
RNL=NL 
ANOR_Nl=ANORM/RNL' 
NCLFNCL+3*ICREEP 
PUT(NCL, 6) ANORM 
PUT(NCL, 7) EVNORM 
MESSAGE 'ANDIýM', ANORM, ' EVNORM' EVNOPM. 
IF(NCL. EQ. 4) GO TO 34 
RETURN ' 
34 IF(NFREE. EQ. 3) GO TO 99 
ZZJJB(11)=ZZJJB(11)+ZZJJB(2) 
99 RETURN 
END 
SUBROUTINE, ACCUM 
PUBLIC MARK(20) SIGMAO STRESSO VALS(,, ) TDISPLO ZZJJBo 
PUBLIC GTINVAR(,, ) GTSRSo GILSRSo GIPSRNo SRSILNO 
DIMENSION DISPO 
NU-MEL--ZZJJB(6) 
NNSRS=ZZJJB(7) 
NNSRN=ZZJJB(8) 
WEIGHT--ZZJJB (3) 
IF(WEIGHT. NE. O. O)GO. TO 17 
WEIGHT--1.0 
17 NAND=O 
NFREE=. MARK(10) 
NODS=. MARK(8) 
ND=NFREE*NODS 
NDSTR=NODS*NNSRS 
NGAUS=4 
ISRS=NUMEL*NGAUS*NNSRS 
ISRN=NUMEL*NGAUS*NNSRN 
GET(O, O)NCL 
6 IF(NCL. EQ. 2) GET(2,0, RAND)NCL 
NAND=NAND+l 
GO TO (4,99,7,99,9,12), NCL 
5 IF(NCL. EQ. 0) GO TO 99 
4 DO 1 ? 4=1, NDSTR 
1 STRESS(N)=SRSILN(N)+SIG. MA(N) 
DESTROY SIGMAO 
GET(1,0)NCL 
GO TO 6 
7 GET(4,3)LC 
REDEFINE (DISPO ND) 
EQUATE 2 (VALS( LC, 3), D) 
DO 2 NODE=1, NODS 
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DISP(J±l)=D(J+3)/W-EIGHT 
DISP(J+2)=D(J+4)/WEIGHT 
D(J+3)=0.0 
D(J+4)=0.0 
IF(NFREE. EQ. 2) GO TO 2 
DISP(J+3)=D(J+5) 
2 CONTINUE 
8 DO 13 I=1, ND 
13 TDISPL(I)=TDISPL(I)+DISP(I) 
GET (4 , H)NCL 
GOTO6 
9 MESSAGE ' ACCUMULATED STRESSES AND DISPLACEMENTS :' 
PRINT 101 
101 FORMAT(' NODEI, 3X, 'SXXI, 5X, 'SYYI, 5X, 'TXY', 5X, 'SZZ', 5X,... 
lPwPl, qx"u"lox,. V, ) 
MESSAGE 
DO 3 NODE=1, NODS 
J=(NODE-1)*NNSRS 
K=(NODE-1)*NFREE 
3 PRINT 100, NODE, STRESS(J+1), STRESS(J+2), STRESS(J+3), STRESS(J+4) 
, STRESS(J+5), TDISPL(K+1), TDISPL(K+2) 
100 FOPhlAT(I3,5F&3,2Fl5.8) 
GET(5, O)NCL 
GO TO 6 
12 DO 14 I=I, NDSTR 
14 SRSILN(I)=STRESS(I) 
DO 15, I=111SRS 
-15 
GI LSRS (I) --GTSRS (I) 
DO 16 I=1, ISRN 
16 GIPSRN(I)=O. O 
DO 11 IELEM=1, NUMEL 
DO 11 IGAUS=1, NGAUS 
11 GTINVAR(8, IGAUS, IELEM)=GTINVAR(6, IGAUS, IELE. m) 
GET(6, O)NCL 
GO TO 6 
99 RETURN 
END 
SUBROUTINE INITIAL 
PUBLIC MARK(20) , ELEMS(,, ) , VALS(,, ) , GTSRN() , GTSRS() , ITYPE() 
PUBLIC STRESS() , GIPSRN() , GTINVAR(,, ) , GILSRS() , SRSILN() 
PUBLIC BMOD() , SMOD() , ZZJJB() , BULK(,, ) , SHEAR(,, ) , TDISPL() 
DIMENSION V(20) 
INTEGER TAB 
REDEFINE (ZZJJB() , 11) 
LENGTH (ITYPE () , LEN) 
NTYP=(LEN-3)/2 
MARK(11)=NTYP 
NFREE=MARK (10) 
NNSRS=5 
IF(NFREE. EQ. 3) NNSRS=4 
NNSRN=4 
NGAUS=4 
ZZJJB(7)=NNSRS 
ZZJJB(8)=NNSRN 
LENGTH (ELEMS (4) NUMEL) 
ZZJJB(6)=NUMEL 
NELEM= 3 
DO 11 I=1, NTYP 
IT=2*I+2 
LENGTH (ELEMS (IT) NOEL) 
NELEl. =NELEti9-fNOEL 
REDEFIVE (BULY%(,, ), lT), (SHE; ýR(,, ), IT) 254 
. 
REDEFIIýE (BJLl-', (,, lT) NIOEL) (SHEAR(,, IT) 
DO 11 IELE-J-, =I, Nl0EL 
11 REDEFINE (BULK (, IELEmi, IT) WAUS) (SHEAR(, IELEM, IT) NsAUS) 
ISRS=NELEM*NGAUS*I, NiSRS 
JSRN=NELEM*NGAUS*NNSR. N 
REDEFINE (GTSRNo, ISRN), (GTSRSo, ISRS) .... 
(GIPSRNo, ISRN), (GILSRSo, ISRS) 
DO I I=1, ISRN 
GTSP, N(I)=O. O 
GI PSRN (I) =0.0 
1 CONTINUE 
DO 8 I=I, ISRS 
8 GTSRS (I) =0.0 
NINV--9 
REDEFINE (GTINVAR(,, ) NUMEL) 
DO 7 IELEM=1, NUMEL 
REDEFINE (GTINVAR(,, IELEM), NGAUS) 
DO 7 IGAUS=I, W-, AUS 
REDEFINE (GTINVAR(, IGAUS, IELEM), NINV) 
7 GTINVAR(8, IGAUS, IELEM)=0.0 
NODS=. MARK(8) 
NDSTR=NODS*NNSRS 
ND=NODS*NFREE 
REDEFINE (STRESSo, NDSTR), (SRSILNo, NDSTR), (TDISPLo, ND),... 
(BMOD () NODS) , (SMOD NODS) 
DO 2 I=1, NDSTR 
SRSI IN (I) =0 .0 
2 STRESS(I)=0.0 
DO 3 I=1, ND 
3 TDISPL(! )=O. O 
GET(0,3)TAB 
READ(TAB, O)L, NROWS 
DO 4 I=1, NROWS 
NV=4, TNSRS-1 
READ(TAB, L)NODE, (V(1), NVALS) 
IF(NVALS. NE. NV)MESSAGE 'AM EXPECTING', NV, ' STRESSES AT NODE 
NODE, ' NOT ', NVALS, ' IN TABLE ', $TAB 
IF(NODEJE. NODS) GO TO 5 
MESSAGE 'STRESSES GIVEN FOR NODE ', NODE, ' GREATER THAN MAX', - 
' NODE ', NODS 
GO W4 
5 NPOS=NNSRS*(NODE-1) 
SRS I LN (N POS+l) =V (1) 
SRS I LN (N POS+2) =V (2) 
SRSI IN (N POS+4) =V (3) - 
IF(NFREE. EQ. 3) GO TO 4 
SRSILN(NPOS+5)=V(4) 
4 CONTINUE 
IF(NROWS. EQ. NODS) GO TO 6 
MESSAGE ' ONLY ', NROWS, ' STRESS TRIPLETS GIVEN FOR ', NODS,.... 
' NODES IN TABLE ', $TAB 
6 ZZJJB(10)=l 
PERFOk-W 'NONLIN' ALLEDIS 
GET(0,6) TIME 
ZZJJB(11)=TIME 
. 
ZZJJB(2)=O. O 
IF(NFREE. EQ. 2) RETURN 
LEN=ND+2 
NLC=ll 
REDEFINE (VALS(,, 2), NLQ 
DO 10 J=I, NLC 
GO TO (9i9,9,9,9,10 , 10,9,9,9,9), 1 
9 REDEFINE (VALS(, J, 2), LEN) 
E rr, )JATE 10 (VA LS (, J, 2) , X) 
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X (1) =ND 
X (2) =1.0 
DO 10 I=I, ND 
X (1+2) =0.0 
10 CUýTINUE 
RETURN 
END 
SUBROUTINE WRITE 
PUBLIC MARK(20) STRESSO TDISPLo ZZJJBo GTSRSo GTINVAR(,, ) 
NODS=KkRK (8) 
NFREE=MARK (10) 
N, 'NSRS=ZZJJB(7) 
NUMEL=ZZJJB(6) 
TIME=ZZJJB(11) 
NGAUS=4 
MESSAGE 'ACCUMULATED STRESSES AND DISPLACEMENTS 
PRINT 101 
101 FORMAT(' NODE', 3X, 'SXX', 5X, 'SYY', 5X, TXY', 5X, 'SZZ', 5X.... 
lPWpl'qx"ul'lox'lv-) 
DO I NODE=1, NODS 
J=(NODE-1)*NNSRS 
K=(NODE-1)*NFREE 
IF(NFREE. EQ. 3)P'dP--TDISPL(K+3) 
IF(NFREE. EQ. 2) PATP--STRESS (J+5) 
1 PRINT, 100, NODE, STRESS(J+1), S7RESS(J+2), STRESS(J+3) .... 
STRESS(J+4), PWP, TDISPL(K+I), TDISPL(K+2) 
100 FORMAT(I4,5F9.3,2F14.8) 
MESSAGE INVARIANTS' 
MESSAGE QPv PC YF' 
DO 3 IELE. M=1, N`U--%lEL 
MESSAGE 'ELEMENT ', IELEM 
DO 3 IGAUS=1, NGAUS 
EQUATE 3 (GTINVAR(, IGAUS, IELEM) GVAR) 
3 MESSAGE GVAR(l), GVAR(2), GVAR(3), GVAR(4), GVAR(5) 
MESSAGE 'TIME = ', TIME 
RETURN 
END 
SUBROUTINE FLOWPL(DEPSX, DEPSY, DEPSXY, DEPSZ, DEPSV, GSRS,... 
Q, P, PC, PRAT, IGAUS, IELEM, AM, EL) 
PUBLIC ZZJJB() 
LOCAL GSRS(20) 
NNSRS=ZZJJB(7) 
NNSRN=ZZJJB(8) 
NGAUS=4 
IGPOSS= (IGAUS-1) *, NNSRS 
SIGX=SRS (IGPOSS+1) 
SIGY=GSRS (IGPOSS+2) 
SIGXY-G SRS(IGPOSS+3) 
SIGZ=SRS (IGPOSS+4) 
A=2.0*(P/PC-EL)/(3.0*PC) 
B=3.0*(1.0-EL)*(1.0-EL)/(AM*EL*PC)/(AM*EL*PC) 
DFDSZ=A+B*(SIGZ-P) 
DFDSX=A+B*(SIGX-P) 
DFDSY=A+B*(SIGY-P) 
DFDSXY=2.0*B*SIGXY 
DLAMBUU=PC/2.0/(P/PC-EL)*DEPSV 
DEPSZ=DLAMBDA*DFDSZ 
DEPSX=DLAMBDA*DFE6X+PRAT*DEPSZ 
DEPSY=DLAMBDA*DFDSY+PRAT*DEPSZ 
DEPEXY=DL'i' DFESX'Y 
RETURN 
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END 
****-A*****A t. *************************************** k*******A***i ***i** 
SUBROUTINE CREEP (DEPSX, DEPSY, DEPSXY, DEPSZ, Q, P, D3AR, DTIME,... 
ALPHA, PRAT, IGAUS, IELEM, GEOM, ECREEP) 
ýI*********************x******************k*****t********************** 
PUBLIC GTSRS() , ZZJJB() 
LOCAL GEOM(17) 
NNSRS=ZZJJB(7) 
NNSRN=ZZJJB(8) 
TIME=ZZJJB(11) 
NGAUS=4 
ALFBA=GEO, M(10) 
EM'-JEOM(11) 
A-I. O*GEOM(12) 
TI=GEO, '4(13) 
T--TI t4E+DTI IME *ALPHA 
RATE=A*EXP(ABS(ALFBA*DBAR))*(Tl/T)**EM 
E)CREEP--RATE*DTIME - 
NELSRS=NGAUS*NNSRS 
M=(IELEM-1)*NELSRS+(IGAUS-1)*NNSRS 
SIGX=GTSRS(M+l) 
SIGY=GTSRS(M+2) 
SIGXY=GT'SRS(M+3) 
SIGZ=GTSRS(M+4) 
DEPSZ=1.5*ECREEP/Q*(SIGZ-P) 
DEPSX=1.5*ECREEP/Q*(SIGX-P)+PRAT*DEPSZ 
DEPSY--l. 5*ECP, EEP/Q*(SIGY-P)+PRAT*DEPSZ 
DEPSXY=3.0*ECREEP/Q*SIGXY 
RETURN 
END 
SUBROUTINE RESDFOR(GRSIDN, NE, ELCO, BNIG, SMG) 
PUBLIC RELOADO ZZJJBo 
LOCAL NE (8) , ELC 0 (8,2) , B-MG (4) , S. MG (4) 
LOCAL HG(4), B(2,8), RESFOR(16), GýZSIDN(16) 
NNSRN=ZZJJB(8) 
DO 2 I=1,16 
2 RESFCR (I) =0 .0 
NGAUS=4 
HG(1)=1.0,1.0,1.0,1.0 
GZ-0.577350269189626 
F=-1.0 
GE=GZ 
DO 3 IGAUS=1, WGAUS 
CALL SHP8(GZ, GE, ELCO, B, DET, NE) 
IF(DýT. LE. O. O)RETURN 
DVOLIJ=DET*HG(IGAUS) 
D3=SMG(IGAUS) 
Dl=BMG(IGAUS)+4.0*D3/3.0 
D2=Dl-(2.0*D3) 
IGPOSN=(IGAUS-1)*NNSRN 
EPSX'-%. 3RSIDN (IGPDSN+l) 
EPSY=GRSIDN (IGPOSN+2) 
EPSXY-"3RSIDN(IGPOSN+3) 
SIGX=Dl*EPSX+D2*EPSY 
SIGY=D2*EPSX+DI*EPSY 
SIGXY=D3*EPSXY 
DO 4 NODE=1,8 
BI=B(1, NODE) 
CI=B(2, NDDE) 
N=(NODE-I)*2 
RESFCR (t: +l) -RESFCR (t: +l )+ (EI *SIGX+CI*SIGXY) ý"DVOLU 
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4 RESFOR (N+2)=RESFCR (1: +2)+ (CI'*SIGY+BI*SIGXY)'DVOLU 
GZ'--OZ* F 
F=-F 
3 GEE*F 
DO 5 NODE=1,8 
K= (NE (NODE)-1) *2 
N=(NODE-1)*2 
RELOAD (K+1) =RELOAD (K+1) +RESFOR (N+1) 
5 RELOAD(K+2)=RELOAD(K+2)+RESFOR(N+2) 
RETURN 
END 
It******** ************************************************************* 
SUBROUTINE THEOSPV(Q, P, V, PCOLD, VTHEO, PE, PC, YF, DCS,... 
AN, ALID , AKPPA, AM, EL) r ********************************************************************** 
DCS--O. 0 
YFl= (1. O-EL) * (I. O-EL) 
YF2=(Q/A'4/EL/PCOLD)**2*YF1 
WCS=P/PCOLD-EL 
YF3--WCS*WCS 
YF--YF3+YF2-YFI 
IF(WCS. GT. 0.0. AND. YF. GT. 0.001) GO TO 1 
IF(YF. LE. O. 001) GO TO 2 
DCS=1.0 
2 PC=PCOLD 
VTHEO=V 
PE-I. O*EXP((AN-V)/ALbIDA) 
RETURN 
1 A=1.0+((l. -EL)*Q/AM/EL/P)**2 
B=SQRT (EL*EL+ (I. -EL-EL) *A) 
C=A/(EL+B) 
P%"=P*C 
PE=PC/C**(AKPPA/ALMM) 
VTHEO=AN-AUvM*AL0G (ABS (PE)) 
RETURN 
END 
SUBROUTINE INVARNT(SRSGAU, Q, P) 
LOCAL SRSGAU(4) 
SIGX=SRSGAU (1) 
SIGY=SRSGAU(2) 
SIGXY=SRSGAU(3) 
SIGZ=SRSGAU(4) 
P=(SIGX+SIGY+SIGZ)/3.0 
Q=I. *SQRT((SIGX-SIGY)**2+(SIGY-SIGZ)**2+(SIGZ-SIGX)**2+... 
6. *SIGXY*SIGXY)/SQRT(2. ) 
RETURN 
END 
SUBROUTINE SHP8(GZ, GE, ELCO, B, DET, NE) 
This subprogram is identical to SHP8 in 'SOIL2' 
t1 ýEýc9c9cýc*ýFicýticýtic*isicýcýkýtýkicýt3cýcýtýYýt9cýticýEýfýt*ýEýkýY3c9c9c9cýticýticicýtýE*ýEýtic3cýc*9cýEýkýt9cýk9cic*ýFir9cicicic* 
SUBROUTINE SFR8(Z, T, SHFN) 
This subprogram is identical. to SFR8 in 'SOIL3' 
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t 1#it#tiý#ic#### ##ýcýcýc#####*ii**** ##ýt*icii####1#t#A**###iiiiýýl##A*414. A*A***t## 
SUBROJTINE INTERPOL(VNIN, 1r0U'. r, ti'VALS) 
 *#*#*##*#***#x**##t#***#*#***###*****x*##. ##**####****###t. #. ##r*#tý#* 
LOCAL SHFN(8), VNIN(40), VG-OUT (20) 
NGAUS=4 
GZ=0.577350269189626 
GEIZ 
F=- 1.0 
DO 2 IGAUS=1, NGAUS 
CALL SFRB(GZ, GE, SHFN) 
DO 1 N=1, NVALS 
SUM=0.0 
DO 3 NODE=1,8 
NPOS= (NODE-1) *NVALS+N 
3 SUM=SUN+VNIN (NPOS) *SHFN (NODE) 
IGPOS=(IGAUS-1)*NVAIS+N 
VGOUT(IGPOS)=SUM 
1 CONTINUE 
GZ=F*GZ 
FRF 
GEBE*F 
2 CONTINUE 
RETURN 
END 
*EXIT 
**** 
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APPENDIX D 
DICTIONARY OF VARIABLE NAMES 
A(NDIMEN, NN) Partial derivatives of the nodal shape functions 
with respect to the local C, n co-ordinates. 
ACOB(NDIMEN, NDIMEN) Jacobian matrix. 
AH(7) Weightings applied to the Gauss point values for 
bilinear extrapolation to nodal values. 
ANORM Norm of the residual load vector calculated as the 
sum of the magnitude of all entries in the load vector. 
B(NDIMEN, NN) Partial derivatives of the nodal shape functions with 
respect to the global x, y co-ordinates. 
BACO(NDIMEN, NDIMEN) Inverse of the Jacobian matrix. 
BMG(NGAUS) - Gauss point values of bulk modulus for an element. 
BMN(NN) Nodal values of bulk modulus for an element. 
BMOD(NODS) Nodal values of bulk modulus for all the nodes. 
BULK Gauss point values of bulk modulus for all the 
(NGAUS, NOEL, ITMAX) 
elements. 
COORDS(NODS, NDINEEN) Co-ordinates of all the nodes. 
CTVK2P(NN) Product [C]T{u(tn_l)} + At(l-a)[K2]{1r(tn-1)} for 
an element. 
DE(NRCS) Nodal displacements and pore pressures for an 
element. 
DEPSV Sc 
DEPSX ScP 
x 
DEPSXY BYP. Increments of plastic strain. 
DEPSY SEy 
DEPSZ ScZ 
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DET 
DISP(ND) 
Dl 
D2 
D3 
EGSRS (NELSRS) 
EI(NN) 
ELCO (NN, NDIMEN) 
ELEMS 
(2+NN+NPARAMS, NOEL, 
ITMAX) 
ENSRS(NN^NNSRS) 
. 
EPSX 
EPSXY 
EPSY 
ES(NRCS, NRCS) 
Determinant of the Jacobian matrix. 
Displacements resulting from an increment of load. 
K+3 
K-3 Components of the [D]-matrix. 
G 
Values of Gauss point stresses for an element 
stored as o', ay, TI , a' 
for each Gauss point, 
consecutively. When initial conditions are being 
evaluated the stresses refer to initial stresses. 
When residual forces are being calculated the 
stresses refer to the accumulated values. 
The n-co-ordinates of the nodes of an element. 
The x, y co-ordinates of an element. 
Values of node numbers and material parameters for 
each element. Local usage: 
1 yields NN; 
2 yields NPARAMS; 
3 to 2+NN yield the node numbers; and 
3+NN to 2+NN+NPARAMS yield the material parameters. 
Values of initial nodal stresses for an element 
stored as ax, ay, T' , a' for each node, 
consecutively. 
hex 
Syxy Increments of total strain. 
SEy 
Stiffness matrix for an element. 
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EVNORM Norm of residual strains calculated as the sum of 
the magnitude of the plastic volumetric strain for 
-all the Gauss points. 
F Used to obtain the Gauss point co-ordinates when 
looping through the Gauss points of an element. 
Takes the values -1.0 and 1.0. 
GE The n-co-ordinate of a Gauss point. 
GEOM(17) The material parameters for an element. Local usage: 
1= Flag for extra output whilst testing code (=1 
for extra output, otherwise 0); 
2=NI 
3=r 
_ Critical state parameters 
5 =k 
6=M 
7= Ka, apparent bulk modulus; 
8= kX 
9= ky 
10 =a 
11 =m Singh and Mitchell (1968) 
12 =A creep parameters; 
13 = "t1 
14 = Gmax/Kmax (see Equation (4.19)); 
15 = Gmin, minimum value of shear modulus; 
16 = OCR, overconsolidation ratio; and 
17 = yw, unit weight of water. 
GILSRS(ISRS) Values of Gauss point initial stresses for all 
the elements. 
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GIPSRN(ISRN) Values of Gauss point plastic strains for a load 
increment for all the elements. 
GISRS(ISRS) Values of Gauss point stresses for a load increment 
for all the elements. 
GRSIDN(16) -Values of Gauss point plastic strains during an 
iteration for an element. 
GSRS(4) Values of a'., 01.9 TI and a' for a Gauss point. xY xy z 
The values are extracted from ECSRS. 
GTINVAR Values of Gauss point stress and strain invariants 
(NINV, NGAUS, NUMEL) 
for all the nonlinear elements. Local usage: 
1= q', invariant shear stress; 
2= pl, mean normal stress; 
3=v, specific volume; 
4= pl, preconsolidation pressure; c 
5=F, yield function; 
6 yields the volumetric strain for the current 
load increment; 
7= vi, initial specific volume; 
8 yields the total volumetric strain; and 
9= pt, equivalent pr essure. e 
GTSRS(ISRS) Values of the Gauss point accumulated stresses. 
GZ The. ý-co-ordinate of a Gauss point. 
HG(NGAUS) Weighting factors of 2x 2 Gauss quadrature. 
ICREEP Flag to indicate a creep analysis. A value of 1 
indicates that the analysis incorporates creep; 
otherwise 0. 
IELEM Element number within an element type. 
l 
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IEPOSN Marker used to locate the correct position to extract 
element values from a vector containing strains. 
IEPOSS Marker used to locate the correct position to extract 
element values from a vector containing stresses. 
IGAUS Gauss point number. 
IGPOSN Marker used to locate the correct position to extract 
Gauss point values from a vector containing strains. 
IGPOSS Marker used to locate the correct position to extract 
Gauss point values from a vector containing stresses. 
INITL Flag to indicate whether initial conditions have been 
calculated. A value of 1 indicates initial conditions 
have not been calculated; otherwise 0. 
INOD Counter going from 1 to NN. 
IPOS Marker to locate the correct position to extract 
nodal values from a vector. 
ISRN Total number of Gauss point strains stored for the 
whole problem. 
ISRS Total number of Gauss point stresses stored for the 
whole problem. 
ISTR(70) Vector used to store a name string. 
ISTRS Flag to indicate which types of stresses are to be 
calculated and printed. A value of: 
0 means print element nodal stresses and nodal 
average stresses; 
I means print element nodal stresses only; 
2 means print nodal average stresses only; and 
3 means calculate element nodal stresses and nodal 
average stresses but do not print. 
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IT Element type number. The first (nonlinear) elements 
take the value 4; subsequent (linear) elements take 
the values 6,8 and so on. 
ITMAX Maximum element type number for an analysis. Takes 
the value 2*NTYP+2. 
ITYPE(ITMAX) Name strings of all the element types used in an 
analysis. 
JNOD Counter going from 1 to NN. 
KT(20) Array holding the element type values (IT) for the 
current element types used in the overall stiffness 
matrix. 
LC Load case number. 
LCSE(20) Array used to store the load case numbers given in 
a problem oriented command. 
LCTIT Name string of the current load case title. 
LMS(20) Array containing the narne strings of the element 
types for which stresses are to be calculated. 
LOAD(NLC) Name strings of each load case title. ' 
MARK(20) Array containing general information about an analysis. 
Local usage: 
1 yields the problem 'type'; 
2y ields the number of dimensions (NDIMEN); 
.31 supports if a has been read, 
41 elements 
table of otherwise 0; 
51 loads 
6=I if the assembled global stiffness matrix has 
been reduced, otherwise 0; 
7=I if the nodes have been numbered, otherwise 0; 
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8 yields the number of nodes (NODS); 
9 yields the number of supported nodes; 
10 yields the number of degrees of freedom per node 
(NFREE); 
11 yields the number of types of elements used (NTYP); 
12 =1 if an error occurred in calculating the global 
stiffness matrix, otherwise 0; 
13 =I if an error occurred co-ordinates 
14 =I during the reading of supports otherwise 0; 
15 =I any table of elements 
16 yields the largest node number difference of any 
element; 
17 =1 if an error occurred whilst reading load tables; 
18 yields the largest node number used in data; 
19=-; and 
N CL 
ND 
N DIMEN 
NDSTR 
NE(NN) 
NELEM 
NELSRS 
NFREE 
N GAUS 
NICK 
NINV 
20 =1 if test output is required, otherwise 0. 
Clause number. 
Total number of nodal displacements (and excess pore 
pressures) for an analysis. 
Number of dimensions. 
Total number of nodal stresses in an analysis. 
Global node numbers of an element. 
Total number of elements in an analysis. 
Number of Gauss point stresses stored per element. 
Number of degrees of freedom per node. 
Number of 2 x2 Gauss points per element. 
Name string of an element type. 
Number of invariants stored per Gauss point in the 
array GTINVAR. 
NLC 
NN 
NNSRN 
NNSRS 
NOD 
NODE 
NODS 
NOEL 
NPARAMS 
NPOS 
NRCS 
NREF 
NS(NN+I, NOEL, ITMAX) 
NTAB 
NTYP 
NUM(NODS) 
NUMEL 
OLDP(NGAUS) 
OLDPC(NGAUS) 
OLDQ(NGAUS) 
Number of separate load cases in an analysis. 
Number of nodes per element. 
Number of strains stored per Gauss point. 
Number of stresses stored per Gauss point or node. 
Global node number. 
Local node number in an element. 
Total number of nodes in an analysis. 
Number of elements of a given type. 
Number of material parameters per element. 
Marker to locate the correct position to extract 
nodal values from a vector. 
Number of rows or. columns of an element stiffness 
matrix (NN*NFREE). 
Counter going from 1 to NTAB. 
Global node numbers of all the elements. 
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Local usage: 
1 yields the number of nodes of an element (NN); and 
2 to NN+l yield the global node numbers. 
Number of element types available (in overlays 
'SOIL2' and 'SOIL3'). 
Number of element types used in an analysis. 
Number, of elements contributing nodal stresses to 
each node. 
Number of nonlinear elements, i. e. for which the Gauss 
points will be monitored for nonlinear behaviour. 
p' at the Gauss points at 
Values of p, the end of a previous 
q' iteration. 
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PRAT Poisson's ratio. 
PVSRS(20) Values of Gauss point stresses at the end of a 
previous iteration. 
RELOAD(ND) Global vector of residual loads for an iteration. 
RESFOR(16) Element residual-force vector. 
SG(20) Array of Gauss point stresses for a load increment 
or iteration for an element (to be extrapolated to 
nodal values). 
SHEAR Gauss point values of shear modulus for all the 
(NGAUS, NOEL, ITMAX) 
elements. 
SHFN(8) Nodal shape function values for a point within an 
element. 
SIGMA(NDSTR); Array of nodal average stresses for all the nodes. 
SIGX 6CY 1 
x 
SIGkY 
XY ts of effective stress. 
SIGY 6CY, 
y 
SIGZ &J, 
z 
SMG(NGAUS) Gauss point values of shear modulus for an element. 
SMN(NN) Nodal values of shear modulus for an element. 
SMOD(NODS) Nodal values of shear modulus for all the nodes. 
SN(40) Extrapolated nodal values of stresses for an element. 
SRSGAU(4) ', a, -r' a' Array. of direct stresses3 u x y XY Z 
SRSILN(NDSTR) Initial nodal average stresses for all the nodes. 
STRESS(NDSTR) Accumulated nodal average stresses for all the nodes. 
TABLE(2,10) Name strings of element types for which stresses may 
be calculated (in subprogram STRS). 
TABLE(3,10) Name strings of element types for which stiffness 
matrices may be calculated. Also contains the number 
of nodes (NN) and material parameters (NPARAMS) per 
element type (in subprogram STIF). 
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TDISPL(ND) Accumulated values of nodal displacements (and excess 
pore pressures) for all the nodes. 
V(20) Array temporarily containing values read from data 
tables. 
VALS(ND+2, NLC, 2) Array containing load vectors. Local usage: 
1 yields ND; 
2 yields the value 1 signifying a vector is held; and 
3 to ND+2 yield the entries in the load vector. 
VALS(ND+2, NLC, 3) As above but now holds the solution vectors pertaining 
to the load cases. 
VALS Array containing the stiffness. matrix and node numbers 
(NRCS2+NN+4, NOEL, 
ITMAX) of all the elements. Local usage: 
1 and 2 yield NRCS; 
3 to NRCS2+2 yield the values of the element stiffness 
matrix column by column; 
NRCS2+3 yields NN; 
NRCS2+4 yields NFREE; and 
NRCS2+5 to NRCS2+NN+4 yield the'element node numbers. 
VECTL(ND) Global array of the product [C]Tju(t 
n-01 
+ 
At (1-cc) [Yý2 ]1 'T (tn- 1)}* 
VGIN(40) Gauss point values to be extrapolated to nodal values. 
VGOUT(40) Gauss point values interpolated from nodal values. 
VNIN(20) Nodal values to be interpolated to Gauss point values. 
VNOUT(20) Nodal values extrapolated from Gauss point values. 
WEIGHT Weighting factor of equations used to avoid problems 
of ill-conditioning. 
YIELD Flag to show whether an element has a Gauss point 
which has yielded during an iteration. A value of 1 
or more indicates yielding has occurred; otherwise 0. 
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YOUNG Young's modulus. 
ZI(NN) The c-co-ordinates of the nodes of an element. 
ZZJJB(11) Array containing general information not held in 
MARK. Local usage: 
1=a, the interpolation factor 
2= At, the time step size 
3=w, the weighting factor of 
the matrix equations 
4=-; 
5=-; 
in consolidation analyses; 
6 yields the total number of nonlinear elements (NUMEL); 
7 yields the number of stresses calculated per Gauss 
point (NNSRS); 
8 yields the number of strains calculated per Gauss 
point (NNSRN); 
9=-; 
10 =0 indicates initialization of material states is 
complete, otherwise 1; and 
11 yields the current value of time. 
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